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 a b s t r a c t

Understanding the Earth’s deep interior remains challenging, as traditional geophysical methods face ambiguities 
in linking seismic observations to temperature, composition, or mass density variations. Atmospheric neutrinos, 
produced by the constant flux of cosmic rays colliding with the upper atmosphere, offer a complementary probe: 
with energies of a few GeV, they traverse the Earth and experience flavor oscillations influenced by the planet’s 
electron density distribution, which depends on both its mass density and composition. Combining seismic obser-
vations with neutrino measurements in a joint inversion framework could provide complementary constraints on 
gross spatial and compositional variations in the deep Earth. We consider the next-generation neutrino detectors 
KM3NeT/ORCA, Hyper-Kamiokande, and DUNE, as well as an idealized hypothetical detector representing the 
intrinsic sensitivity of the method. The idealized detector is most sensitive to perturbations in the core, whereas 
realistic detector performance shifts the sensitivity toward the mantle, including the mantle transition zone, 
where hydrogen enrichment could produce detectable variations in electron density. These results establish the 
sensitivity of neutrino oscillations to the Earth’s electron density profile and provide a basis for future joint 
neutrino–seismic tomography.

1.  Introduction

Direct exploration of the Earth’s interior is limited to depths of 
approximately 12 km, corresponding to the deepest borehole ever 
drilled (Kozlovsky and Adrianov, 1987). Consequently, understanding 
the planet’s interior has relied on indirect methods. Among these, seis-
mology (Aki et al., 1976; Sengupta and Toksöz, 1976; Fichtner et al., 
2024) has been particularly successful in revealing its internal 3D struc-
ture through inversion of seismic data. Seismologists use either full seis-
mic waveforms (Fichtner, 2010) or their secondary attributes such as the 
travel times of body waves (Aki et al., 1976; Sengupta and Toksöz, 1976; 
Hosseini et al., 2020) and the dispersion of surface waves (Montagner 
and Tanimoto, 1990; Durand et al., 1999; Debayle et al., 2016), or a 
combination of these (Durand et al., 2016, 2017; Ritsema et al., 2011; 
Koelemeijer et al., 2015). Both approaches constrain seismological pa-
rameters, such as isotropic and anisotropic seismic velocities, and atten-
uation, which are then used to infer physical properties of the Earth’s 
interior, such as temperature, pressure, and chemical composition. Be-
cause the sensitivity of body waves and surface waves to density is much 
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lower than to seismic velocities, imaging density variations inside Earth 
has proven difficult. Free oscillations excited by large earthquakes (Mw 
≥ 7.0) provide one of the few geophysical tools for decoupling elastic 
moduli and density with sufficiently strong sensitivity. This approach 
has helped constrain the radial density profile (Dziewonski and Ander-
son, 1981; Irving et al., 2018), but inferring a full 3D density struc-
ture remains challenging (Ishii and Tromp, 1999; Kuo and Romanowicz, 
2002; Romanowicz, 2001).

Given the expansion of seismic networks, increased computational 
resources, and improvements in direct and inverse problem theory, 
the resolution of global 3D tomographic models has improved continu-
ously. However, while seismic tomography effectively images structure 
in terms of seismic properties, inverting for temperature and compo-
sition from seismic data alone is an ill-posed problem that requires ex-
tensive assumptions and extrapolations of mineral physics, petrological, 
and thermochemical data (Deng et al., 2023). To address these limita-
tions, combining multiple complementary observables, each sensitive 
to different physical properties, offers an alternative way to better con-
strain the origin of seismic heterogeneities.
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In this context, neutrino oscillation tomography of the Earth (NOTE) 
has recently emerged as a promising complementary approach (for a 
summary of early studies, see Winter (2006)). NOTE offers the possi-
bility to probe the Earth’s interior using neutrinos, naturally abundant 
fundamental particles that traverse the planet (Athar et al., 2022). NOTE 
makes use of atmospheric neutrinos, which are copiously produced in 
extensive air showers generated by the interaction of cosmic rays with 
air molecules (Chapter 24 of Tanabashi et al., 2018). Neutrinos come in 
three types, known as flavors: electron neutrino 𝜈𝑒, muon neutrino 𝜈𝜇 , 
and tau neutrino 𝜈𝜏 , together with their antiparticles 𝜈̄𝑒, 𝜈̄𝜇 , and 𝜈̄𝜏 . Once 
produced in the atmosphere, they propagate in straight lines through the 
Earth. As they propagate, neutrinos have a probability to change from 
one flavor to another, a quantum-mechanical phenomenon known as 
flavor oscillations. Consequently, a neutrino produced in a given flavor 
could be detected after some distance in a different flavor. The presence 
of electrons (i.e., matter) in the Earth affects these oscillation probabil-
ities for neutrinos with energies from a few GeV to several tens of GeV. 
NOTE exploits this phenomenon to probe the Earth’s electron-density 
profile, which combines matter density and chemical composition, by 
analyzing distortions in oscillation patterns (Rott et al., 2015; Winter, 
2016; Bourret et al., 2017; Denton and Pestes, 2021; D’Olivo Saez et al., 
2022; Upadhyay et al., 2023; Maderer et al., 2023b; Capozzi and Petcov, 
2022; Petcov, 2024).

NOTE has not yet been performed using experimental data. 
The neutrino detectors Hyper-Kamiokande (HK,  Abe et al. (2018)) 
and DUNE (Abi et al., 2020) are under construction, while 
KM3NeT/ORCA (Adrian-Martinez et al., 2016) has accumulated only 
a limited amount of data so far. Consequently, current results are lim-
ited to sensitivity projections. For DUNE, 10 years of measurements are 
expected to yield sensitivities of ∼ 10% for the matter density of the core 
and lower mantle, and ∼ 20% for the upper mantle (Kelly et al., 2022). 
HK is expected to constrain the average core density at the (10–40%)
level after ∼ 20 years, depending on the achieved measurement per-
formance (Jesús-Valls et al., 2025). Similar sensitivities for the outer 
core (∼ 15–40%) and mantle (∼ 6–20%) could be achieved with 10 years 
of ORCA measurements (Capozzi and Petcov, 2022). While not com-
petitive with geophysical constraints, NOTE can provide direct sensi-
tivity to chemical composition. For instance,  Maderer et al. (2023b) 
show that combining KM3NeT/ORCA, HK, and DUNE could discrimi-
nate FeNi from FeNiH outer-core compositions at 1𝜎 after ∼ 50 years of 
concomitant measurements. Neutrino measurements, while individually 
less constraining, could help break degeneracies inherent to geophysi-
cal probes. Finally, simulations based on the neutrino detector IceCube 
DeepCore, representing ∼ 10 years of operation, demonstrate the abil-
ity to perform correlated density measurements of different Earth layers 
when incorporating constraints from the Earth’s total mass and moment 
of inertia (Chattopadhyay et al., 2025).

In this study, we propose to exploit neutrino observables to con-
strain Earth’s interior properties and aim to lay the groundwork for 
an inverse problem based on neutrino data. Solving any inverse prob-
lem requires defining the forward problem, in which the synthetic data 
𝐮, the model parameters 𝐦, and the forward function  are character-
ized such that 𝐮 = (𝐦). In many cases progress toward inversion relies 
on a linearized description of this function through the Fréchet deriva-
tives ∇𝐦(𝐦). In this work, we establish the mathematical framework 
required for neutrino oscillation based inversion and derive the associ-
ated Fréchet derivatives. We then perform a comprehensive sensitivity 
study of NOTE with respect to variations in Earth’s physical properties. 
These results provide the necessary basis for a future joint inversion with 
seismic data.

The paper is organized as follows. After the introduction in Section 1, 
Section 2 contrasts neutrino and seismic observables. Section 3 intro-
duces the forward problem  for NOTE. Section 4 presents the methods 
used in this work. The computation of Fréchet derivatives is demon-
strated in Section 5, together with the presentation of the sensitivity 
study. We conclude with closing remarks in Section 6.

2.  Neutrino oscillation tomography in comparison with 
seismology

This paper aims to lay the groundwork for the future joint analy-
sis of seismic and neutrino data. Before proceeding, it is important to 
describe neutrino oscillation tomography of the Earth (NOTE) in com-
parison with seismology, as illustrated in Fig. 1. In both approaches, 
a probe (neutrino or wave) propagates through the Earth and is influ-
enced by the Earth’s material properties along its ray. Neutrinos are 
affected by the presence of electrons, whereas seismic waves are in-
fluenced by the elastic and anelastic properties of the Earth’s materi-
als. Upon detection after traversing the Earth, their observed properties 
reflect the characteristics of the material encountered along their ray. 
Hence, seismology and NOTE share a common foundation, which mo-
tivates our preparatory work toward a joint inversion. A closer look 
reveals important differences alongside these similarities, as discussed
below.

First, the data-acquisition configurations of NOTE and terrestrial 
global seismology are fundamentally inverted (see Fig. 1a and b). Be-
cause of their cost, only a limited number of neutrino detectors will 
be deployed worldwide. Atmospheric neutrinos are produced contin-
uously and abundantly in the Earth’s atmosphere, allowing each de-
tector to record neutrinos arriving from all directions. In contrast, 
earthquakes occur sporadically, whereas seismic stations are distributed 
globally—albeit unevenly. Additionally, seismology benefits from over 
five decades of accumulated observations, giving it far greater statis-
tical power than current atmospheric neutrino data. However, next-
generation neutrino detectors are expected to substantially increase the 
NOTE dataset in the coming decades.

Another distinction lies in the traceability of individual signals. In 
seismology, specific seismic phases recorded on a seismogram can be 
associated with well-defined propagation rays back to a specific source 
(Fig. 1a). By contrast, the continuous and intense nature of the atmo-
spheric neutrino flux means that an individual neutrino cannot be traced 
back to the shower that produced it (Fig. 1b). Rather, for NOTE, the flux 
as a whole must be accurately modeled.

Another difference concerns seismic wave propagation. Seismic 
waves undergo reflection and refraction within the Earth’s interior, lead-
ing to complex ray trajectories (Fig. 1a). Neutrinos propagate along 
straight rays (Fig. 1b). Consequently, once the incidence angle of a neu-
trino is measured, its ray, and thus the region of the Earth it probes, is 
uniquely constrained within uncertainties.

NOTE is based on the principle that the presence of electrons along 
the neutrino ray impacts its oscillation probabilities. The probability of 
a given oscillation process 𝜈𝛼 → 𝜈𝛽 (where 𝛼, 𝛽 ∈ {𝑒, 𝜇, 𝜏}) is usually vi-
sualized in a 2D plot, called oscillogram. The oscillogram is a function of 
neutrino energy 𝐸𝜈 and incidence angle 𝜃𝑧, where 𝜃𝑧 is measured with 
respect to the vertical at the neutrino’s exit point on the Earth’s surface 
(Fig. 1b). Fig. 1d displays the oscillogram corresponding to the proba-
bility P𝜈𝜇→𝜈𝜏  that a muon neutrino produced in the atmosphere interacts 
as a tau neutrino after having propagated across the Earth. Oscillograms 
illustrate how oscillations transform the flavor composition of the neu-
trino flux traversing the Earth, capturing solely the influence of Earth’s 
matter on oscillation probabilities, independent of the neutrino source, 
and subsequent detection process. They can be compared against time-
distance plots in seismology (Fig. 1c). Here, seismograms are ordered as 
a function of distance from the source and, instead of showing the ampli-
tudes of the seismograms, we display their envelopes, which represent 
the energy.

In Fig. 1d, a sudden change in the oscillation pattern occurs at an 
epicentral distance of Δ ≃ 114◦, or equivalently cos 𝜃𝑧 ≃ −0.84. This is 
due to the large jump in electron density experienced by neutrinos that 
sample the core compared to those that do not. The envelopes of the 
seismograms in Fig. 1c also exhibit a change at around 110◦, where the 
first arrival fades. This feature, though less striking than for neutrinos, 
is likewise attributable to the presence of the core.

Earth and Planetary Science Letters 696 (2026) 120354 

2 



I.A. Goos et al.

Fig. 1. Overview of the data-acquisition configurations (a and b) and recorded observations (c–f) in both global seismology (left column) and NOTE (right column). 
(a) Triangles represent seismic stations and the star an earthquake, with rays illustrating seismic wave paths sampling different regions of the Earth. (b) The gray 
rectangle denotes a neutrino detector and the stars neutrino sources, where the incidence angle 𝜃𝑧 is measured from the vertical at the detector and straight lines 
show possible neutrino rays. (c) Time–distance plot obtained by ordering the vertical components of synthetic seismograms by epicentral distance. The synthetic 
seismograms are calculated using the PREM model (Dziewonski and Anderson, 1981) for an earthquake at 30 km depth. We plot the envelopes of the seismograms, 
representing the energy arriving over time. The time is given with respect to the time of the earthquake. (d) Neutrino oscillogram representing the probability P𝜈𝜇→𝜈𝜏
as a function of neutrino energy 𝐸𝜈 and incidence angle 𝜃𝑧. The Earth model described in Section 3.2 is used. (e) Seismic waveforms as a function of time for two 
particular epicentral distances Δ, 60◦ (blue curve) and 128.3◦ (dashed orange curve). (f) Oscillation probabilities as a function of energy for two particular incidence 
angles 𝜃𝑧, equivalent to Δ = 60◦ (blue curve) and Δ = 128.3◦ (dashed orange curve), as in panel (e).

Traveltime tomography extracts first breaks or major phase onsets 
from seismic waveforms for numerous source–receiver pairs. Setting 
aside the treatment of Fresnel zones (ray theory versus finite-frequency 
tomography), each travel time is a scalar quantity that encodes the in-
tegral of the structure sampled along the corresponding ray. While a 
single travel time cannot uniquely constrain the seismic wave veloc-
ity in every voxel, the ensemble of intersecting rays enables imaging of 
Earth’s interior. Full waveform inversion goes even further by exploiting 
complete time-dependent signals (Deschamps et al., 2019; French and 
Romanowicz, 2015; Fuji et al., 2010; Konishi et al., 2020; Virieux and 
Operto, 2009), which carry information from time-dependent Fresnel 
zones, thereby providing substantially more information about the prop-
agation medium. Example waveforms are shown in Fig. 1e for Δ = 60◦

and 80◦, corresponding to cos 𝜃𝑧 = −0.5 and −0.9, respectively.

In NOTE, when considering a single detector, neutrino rays never 
intersect because they travel in straight lines and their Fresnel zone 
is restricted to the ray itself (Fig. 1b). An analogy can be drawn 
with one-station seismology, such as the InSight SEIS experiment on 
Mars (Lognonné et al., 2020; Jacob et al., 2022). By exploiting full wave-
forms whose sensitivity to structure evolves over time it became possi-
ble to image the planet’s interior even without crossing rays. Oscillation 
probabilities exhibit a characteristic dependence on energy (Fig. 1f). 
More importantly, the impact of perturbations in the matter proper-
ties on this probability is also energy dependent. Hence, in principle, 
imaging a thin column of matter using neutrinos of varying energies 
that traverse it is feasible, and the prospect of imaging the entire Earth 
using neutrinos that sample different regions motivates the present
work.
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Fig. 2. Flowchart of the forward modeling of neutrino observables through the function . The process starts with the atmospheric neutrino flux (step (a)), as 
described in Section 3.1, using the model from Honda et al. (2015), with the corresponding Fig. 3 included here in miniature for illustration. Atmospheric neutrinos 
then traverse the Earth, parameterized by the model parameters 𝐦, and undergo flavor transitions (step (b)), whose probabilities depend on the electron density 
along their ray (Dziewonski and Anderson, 1981; McDonough, 2010; Wedepohl, 1995; Quinby-Hunt and Turehian, 1983) as well as on neutrino oscillation physics 
in matter (Giunti and Kim, 2007), as outlined in Section 3.2. The example oscillogram from Fig. 1d is also embedded. The figures shown within the boxes in steps 
(a) and (b) correspond directly to these processes (the oscillogram represents oscillation probabilities only and is independent of the neutrino flux). In the vicinity of 
the detector, neutrinos may interact (step (c)) and produce detectable signals (step (d)), as described in Section 3.3 (Formaggio and Zeller, 2012; Adrian-Martinez 
et al., 2016; Abe et al., 2018; Abi et al., 2020). Fig. 5a and b correspond to the result of coupling steps (a)–(c) and (a)–(d), respectively, and are shown outside the 
boxes to highlight this distinction from the figures in (a) and (b). The outcome of combining steps (a)–(d) is the synthetic data 𝐮, which can be compared with real 
measurements 𝐝 to perform an inversion.

3.  Forward modeling of neutrino observables

In this section, we outline the forward problem of NOTE, represented 
by the function , which maps Earth properties 𝐦 to expected neutrino 
rates, denoted 𝐮. These synthetic data can be compared with observed 
data 𝐝 to perform an inversion. Fig. 2 summarizes the three main com-
ponents of : the flux of atmospheric neutrinos entering the Earth (Sec-
tion 3.1), the computation of oscillation probabilities as they traverse 
the Earth’s interior (Section 3.2), and the modeling of their detection 
(Section 3.3). For reference,  Appendix A provides tables listing the phys-
ical constants (Tables A.1, A.3), variables (Table A.2), and expressions 
(Tables A.4–A.5) used in this study.

3.1.  Atmospheric neutrino flux

Atmospheric neutrinos are produced in the atmosphere when cosmic 
rays interact with air molecules (step (a) in Fig. 2). The cosmic ray spec-

trum comprises nuclei ranging from hydrogen to iron, spanning energies 
from a few hundred MeV to ∼ 1014 MeV. The average altitude at which 
cosmic rays first interact with the atmosphere is nucleus-dependent. Hy-
drogen interacts on average at around 16 km (Blanco et al., 2009), while 
heavier nuclei interact at progressively higher altitudes. Other sources 
of shower-to-shower fluctuations, as well as atmospheric density varia-
tions, further influence neutrino production.

In this study, we use the atmospheric neutrino flux model by Honda 
et al. (2015). It simulates the cosmic ray flux and its interactions with 
the atmosphere, as well as the propagation, interactions, and decays of 
secondary particles, while accounting for all the sources of variability 
mentioned above. It provides neutrino fluxes as a function of energy 
and arrival direction at several reference experimental sites. The specific 
configuration used in this study is detailed in Appendix B.1.

The atmospheric neutrino flux decreases steeply with energy, as 
shown in Fig. 3 (the 𝜈𝜏 and 𝜈̄𝜏 contributions are negligible and thus not 
shown). This decline emphasizes the importance of low-energy neutri-
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Fig. 3. Flux of atmospheric electron neutrinos (blue curves) and muon neu-
trinos (red curves) from Honda et al. (2015), averaged over azimuthal angle. 
Horizontal neutrinos (solid lines) correspond to cos 𝜃𝑧 values between −0.1 and 
0.0, while up-going neutrinos (dashed lines) span the range from −1.0 to −0.9. 
The shaded region represents the neutrino energy range considered in this work 
for NOTE. The vertical gray line indicates the approximate energy above which 
neutrino absorption becomes relevant.

nos for tomography, as they provide the larger event statistics. Neutrino 
absorption tomography becomes relevant above ∼ 103 GeV (marked by 
a vertical line), where the atmospheric neutrino flux is notably lower 
than at energies relevant for NOTE (represented by the shaded band). 
The flux of neutrinos produced in astrophysical point sources is even 
lower and only comparable with the atmospheric neutrino flux near 104
GeV (Abbasi et al., 2026). Yet, the impact of Earth model perturbations 
on neutrino rates is larger for absorption than for oscillations, making 
both methods relevant for Earth tomography. While we envision a joint 
inversion including both approaches, in this study we focus on NOTE.

3.2.  Neutrinos traversing the Earth

In this section, we outline the key aspects of flavor transitions in 
matter (step (b) in Fig. 2). When a neutrino is produced, its quantum 
state collapses to a flavor eigenstate denoted |𝜈𝛼⟩, where 𝛼 ∈ {𝑒, 𝜇, 𝜏}. 
Neutrino oscillations arise because eigenstates of propagation are not 
aligned with these flavor eigenstates.

In vacuum, the propagation eigenstates are the mass eigenstates |𝜈𝑗⟩
(with 𝑗 ∈ {1, 2, 3}), which correspond to the possible outcomes of a neu-
trino mass measurement, each with a definite mass 𝑚𝑗 . Thus, a neutrino 
produced in the flavor eigenstate |𝜈𝛼⟩ is a superposition of the mass 
eigenstates: 

|𝜈𝛼⟩ =
3
∑

𝑗=1
𝑈∗
𝛼𝑗 |𝜈𝑗⟩ . (1)

𝑈 denotes the complex unitary Pontecorvo–Maki–Nakagawa–Sakata 
(PMNS) matrix, which performs the change of basis between the or-
thonormal sets of flavor and mass eigenstates:

𝑈 =
⎛

⎜

⎜

⎝

1 0 0
0 𝑐23 𝑠23
0 −𝑠23 𝑐23

⎞

⎟

⎟

⎠

⎛

⎜

⎜

⎝

𝑐13 0 𝑠13𝑒−𝑖𝛿CP
0 1 0

−𝑠13𝑒𝑖𝛿CP 0 𝑐13

⎞

⎟

⎟

⎠

⎛

⎜

⎜

⎝

𝑐12 𝑠12 0
−𝑠12 𝑐12 0
0 0 1

⎞

⎟

⎟

⎠

. (2)

Unitarity reduces its 18 real parameters to 𝑠𝑖𝑗 = sinΘ𝑖𝑗 , 𝑐𝑖𝑗 = cosΘ𝑖𝑗 , and 
𝛿CP, after unphysical phases are absorbed into the field definitions.

If this neutrino propagates over a distance 𝐿, each |𝜈𝑗⟩ evolves with 
a phase Ψ that depends on its mass 𝑚𝑗 , 𝐸𝜈 and 𝐿, which we leave in 
symbolic form for simplicity: 

|𝜈𝛼(𝐿)⟩ =
3
∑

𝑗=1
𝑈∗
𝛼𝑗

(

𝑒𝑖Ψ(𝑚𝑗 ,𝐸𝜈 ,𝐿)
|𝜈𝑗⟩

)

. (3)

Since these phases differ for each 𝑗, the superposition at distance 𝐿 is 
no longer the same as at production. Expressing |𝜈𝛼(𝐿)⟩ back in terms 
of the flavor eigenstates |𝜈𝛽⟩ gives 

|𝜈𝛼(𝐿)⟩ =
∑

𝛽=𝑒,𝜇,𝜏

( 3
∑

𝑗=1
𝑈∗
𝛼𝑗𝑒

𝑖Ψ(𝑚𝑗 ,𝐸𝜈 ,𝐿)𝑈𝛽𝑗

)

|𝜈𝛽⟩ . (4)

When the neutrino is detected, its quantum state collapses to a fla-
vor eigenstate |𝜈𝛽⟩ (𝛽 ∈ {𝑒, 𝜇, 𝜏}) with probability equal to the squared 
modulus of the corresponding coefficient: 

P𝜈𝛼→𝜈𝛽 (𝐿) =
|

|

|

|

|

|

3
∑

𝑗=1
𝑈∗
𝛼𝑗𝑒

𝑖Ψ(𝑚𝑗 ,𝐸𝜈 ,𝐿)𝑈𝛽𝑗

|

|

|

|

|

|

2

. (5)

The complex exponentials that arise lead to sinusoidal terms in the tran-
sition probabilities, giving neutrino oscillations their name.

The expression for Ψ in Eq. (3) is obtained by solving the Schrödinger 
equation (which describes the temporal evolution of the neutrino, or 
equivalently, its evolution with distance 𝐿) 
𝑖ℏ𝜕𝑡 |𝜈(𝑡)⟩ = (𝑡) |𝜈(𝑡)⟩ , (6)

for each |𝜈𝑗⟩. (𝑡) is the Hamiltonian governing the system’s evolution 
and ℏ is the reduced Planck constant (𝑖 in this context refers to the com-
plex number). In vacuum, the Hamiltonian is given by

vacuum = 1
2𝐸𝜈

𝑈
⎛

⎜

⎜

⎝

0 0 0
0 Δ𝑚2

21 0
0 0 Δ𝑚2

31

⎞

⎟

⎟

⎠

𝑈†, (7)

where Δ𝑚2
𝑖𝑗 = 𝑚2

𝑖 − 𝑚2
𝑗  and the † denotes the Hermitian conjugate. If, 

however, the neutrino travels through matter, the effective matter 
Hamiltonian

matter(𝑡) =
⎛

⎜

⎜

⎝

𝑉𝑒(𝑡) 0 0
0 0 0
0 0 0

⎞

⎟

⎟

⎠

(8)

needs to be added:
(𝑡) = vacuum +matter(𝑡). (9)

Since vacuum is constant, the vacuum scenario (Eq. (6)) admits sim-
ple analytical solutions, which can be found in standard neutrino text-
books (see e.g. Giunti and Kim, 2007). The matter scenario, which ap-
plies to NOTE, requires a numerical solution to track neutrinos as they 
traverse regions of varying Earth properties (comprised in Eq. (8)). Ap-
pendix B.2 outlines the treatment of this case adopted in this work and 
specifies the parameters entering vacuum.

In NOTE, matter depends on the neutrino ray through the Earth by 
means of the matter-induced potential
𝑉𝑒(𝑡) = ±

√

2𝐺F 𝑛𝑒(𝑡), (10)

where 𝑛𝑒(𝑡) is the electron density profile along the ray, 𝐺F is the Fermi 
constant, and the sign is positive (negative) for neutrinos (antineutri-
nos). Neutrino oscillation probabilities thus depend on the electron den-
sity along the neutrino ray:

𝑛𝑒 =
𝜌 𝑌𝑒 A

𝑀u
, (11)

where 𝜌 is the matter density, 𝑌𝑒 is the electron yield (a dimensionless 
quantity representing the number of electrons per nucleon), A is the 
Avogadro number, and 𝑀u = 10−3 kg/mol is the molar mass constant. 
The electron density defined in this way is the number of electrons per 
unit volume.
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Fig. 4. Electron yield 𝑌𝑒 as a function of average atomic number 𝑍 for the chem-
ical elements considered in Eq. (12) and for selected Earth materials. Chemical 
elements are indicated by their symbols (in black), while the red crosses denote 
the bulk Earth (BE), bulk silicate Earth (BSE), and the core. Note that, for pure 
chemical elements, the electron yield coincides with the ratio of atomic number 
𝑍 to standard atomic weight 𝐴. The average atomic number of the chemical el-
ements is obtained by considering all possible isotopes (Tuli et al., 1995), while 
that of the composites is calculated using the element fractions from McDonough 
(2010).

For our nominal (or reference) Earth model, we adopt the density 
profile from PREM (Dziewonski and Anderson, 1981) and compute the 
electron yield at each position 𝑥̄ as:

𝑌𝑒(𝑥̄) =
∑

𝑖
𝑤𝑖(𝑥̄)

(

𝑍
𝐴

)

𝑖
, (12)

where the sum is taken over all the elements present at 𝑥̄. The time 
dependence in Eq. (10) is recovered using that neutrinos travel almost 
at the speed of light 𝑐 = |𝑥̄ − 𝑥̄entry|∕𝑡, where 𝑥̄entry is the position where 
the neutrino enters the Earth. 𝑤𝑖 is the weight fraction of element 𝑖, with 
𝑍 and 𝐴 its atomic number and standard atomic weight, respectively. 
The composition is taken from McDonough (2010) if 𝑥̄ is in the mantle 
or core, from Wedepohl (1995) for crustal materials, and from Quinby-
Hunt and Turehian (1983) for oceanic materials (Table A.3 provides a 
summary of the resulting values of 𝑌𝑒).

𝑌𝑒 reflects chemical composition, with values ∼ 0.47 in the core and 
∼ 0.50 in the mantle and crust. Fig. 4 shows the 𝑌𝑒 values for the chem-
ical elements considered in this work (abundances above 0.01%) and 
for selected Earth materials (McDonough, 2010). An overall decreas-
ing trend with 𝑍 is observed, with hydrogen standing out due to its 
value close to unity. This sensitivity of neutrino oscillations to compo-
sition through the electron yield further motivates the use of neutrinos 
to probe the Earth’s interior. Eq. (11) implies that NOTE is sensitive to 
the combined effect of matter density 𝜌 and composition through 𝑌𝑒, 
which together define the model parameters 𝐦. If 𝜌 were independently 
and sufficiently well constrained, the electron density 𝑛𝑒 could be di-
rectly related to 𝑌𝑒. However, the level of precision required on 𝜌 for 
this interpretation to be valid remains to be quantified.

3.3.  Neutrino detection

Once neutrinos reach the vicinity of the detector, they have a small 
probability of interacting (step (c) in Fig. 2) and generating a detectable 
signature (step (d) in Fig. 2).

In the energy range of interest for NOTE, neutrinos interact primar-
ily by scattering off nuclei in the medium (Formaggio and Zeller, 2012) 
(step (c) in Fig. 2). These interactions are classified as neutral-current 
(NC) or charged-current (CC), depending on whether a 𝑍0 or 𝑊 ± weak-
force boson is exchanged. In NC interactions, the neutrino (antineutrino) 
remains in the final state and escapes the instrumented detector vol-
ume, while the scattered nucleus can produce a detectable signal. NC 
interactions are flavor-independent (and thus not sensitive to oscilla-
tions), giving two possible interaction channels, denoted as 𝜈 NC and 
𝜈̄NC. In CC interactions, the incoming neutrino (antineutrino) 𝜈𝛼 (𝜈̄𝛼), 
with 𝛼 ∈ {𝑒, 𝜇, 𝜏}, produces a negatively (positively) charged particle 𝛼−
(𝛼+). Both the scattered nucleus and the outgoing charged particle can 
produce detectable signals, resulting in six possible interaction chan-
nels: 𝜈𝛼 CC and 𝜈̄𝛼 CC, for 𝛼 ∈ {𝑒, 𝜇, 𝜏}. The probability for any of these 
eight interaction channels to occur depends on the detection medium 
and scales linearly with the number of nuclear targets, i.e., the detector 
mass.

Combining steps (a)–(c) in Fig. 2 yields the expected number of inter-
acting events in a given detector (see Appendix B.3 for the implementa-
tion in this work). Fig. 5a shows the expected distribution of (𝜈𝜇 + 𝜈̄𝜇) CC
events for an exposure of 1 Mton-year, defined as the product of detec-
tor mass and data-acquisition period. This quantity characterizes the 
event statistics and depends only on the detector material through the 
interaction probabilities of the different channels (a water detection 
medium is assumed in Fig. 5a). Comparing these distributions for differ-
ent Earth models 𝐦 helps identify those interaction channels and regions 
in (𝐸𝜈 , cos 𝜃𝑧) space that carry the strongest inherent discriminating sig-
nal.

In practice, observations 𝐝 are affected by the limited efficiency and 
detection resolution of real detectors, where efficiency refers to the frac-
tion of neutrino interactions that are successfully detected and resolu-
tion refers to the finite precision with which neutrino energy, direction, 
and flavor are inferred (i.e., reconstructed) from the measured signals.

The dominant detectable signatures in neutrino experiments arise 
from 𝜈𝑒/𝜈̄𝑒 and 𝜈𝜇/𝜈̄𝜇 CC interactions. Electrons/positrons (the electron’s 
antiparticle) emerging from 𝜈𝑒∕𝜈̄𝑒 CC interactions generate event topolo-
gies (or signatures) that are qualitatively different from those induced 
by muons/anti-muons generated in 𝜈𝜇∕𝜈̄𝜇 CC interactions. Furthermore, 
most next-generation detectors are not designed to distinguish between 
neutrinos and antineutrinos on an event-by-event basis. Therefore, in a 
first simplification, neutrino events in this work are classified into 𝜈𝜇-
like and 𝜈𝑒-like topologies.

Reconstruction algorithms in neutrino detectors exploit the spatial 
and temporal patterns of signals recorded by sensors to infer the event 
topology (𝜈𝜇-like or 𝜈𝑒-like), as well as the neutrino energy and arrival 
direction (step (d) in Fig. 2). Their performance is limited by detec-
tor properties such as the number, density, and efficiency of detector 
elements, which determine the instrument’s detection efficiency, its en-
ergy and angular resolutions, and its accuracy of topology classifica-
tion. Combining steps (a)–(d) in Fig. 2 yields the synthetic data 𝐮, corre-
sponding to the expected number of detected events in a given detector 
(see Appendix B.4 for the implementation in this work). Fig. 5b shows 
the distribution of 𝜈𝜇-like events after 10 years of measurements with 
the KM3NeT/ORCA water Cherenkov detector, a 3D array of photosen-
sors currently being deployed deep in the Mediterranean Sea, which 
will cover a total instrumented volume of approximately 6.7 × 106m3

once completed. Together with the corresponding distribution of 𝜈𝑒-
like events in (𝐸𝜈 , cos 𝜃𝑧), these distributions define the synthetic data 
𝐮 for KM3NeT/ORCA. Owing to the finite energy and angular resolu-
tion of the detector, the oscillation patterns in the interacting-event 
distribution are smeared out, reducing the contrast of the underlying
features.
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Fig. 5. (a) Simulated rate of interacting neutrinos in the (𝜈𝜇 + 𝜈̄𝜇) CC channels (corresponding to 1 Mton-year of exposure of a water-based detector), and multiplied 
by 𝐸2

𝜈  to visually compensate for the rapid decrease of the neutrino flux with energy. (b) Expected number of detected 𝜈𝜇-like events in a KM3NeT/ORCA-like detector 
with 10 years of measurements.

Fig. 6. Electron density profile of the (a) mantle and crust and of the (c) core, (see Section 3.2, solid blue line). In (a), the red dashed curve shows the alternative 
Earth model in which the electron density is increased only between ∼ 2300 km and ∼ 2400 km. In (c), the same modification is applied between ∼ 3300 km and 
∼ 3400 km. Panels (b) and (d) show the corresponding differences (in %) in P𝜈𝑒→𝜈𝜇  between the nominal and modified Earth models from (a) and (c), respectively. In 
each case, only neutrinos traversing the modified shell tangentially are considered.

4.  Methods

4.1.  Forward model setup

For the present work, we employ the EarthProbe frame-
work (Maderer et al., 2023a), which implements the full forward 
modeling of neutrino observables described in Section 3. Within this 
framework, several input parameters must be provided.

First, EarthProbe requires an electron density profile, 𝑛𝑒 (see 
Eqs. (8)–(12)). Here, it allows for user-defined 𝜌 and 𝑌𝑒 profiles. In this 
work, they are discretized into 64 shells. Given the early stage of neu-
trino oscillation tomography of the Earth (NOTE), we adopt this rela-
tively coarse parameterization of the 𝑛𝑒 profile as a first step, although 
it can be refined in future applications. The nominal Earth model (de-
fined in Section 3.2) is taken to generate the “true” data 𝐝, while syn-

thetic data 𝐮 are produced using alternative Earth models. The alterna-
tive Earth models considered here differ from the nominal one only by 
a specified percentage in 𝑛𝑒 within one of the 64 shells. We verified that 
the sensitivity scales linearly with the perturbation amplitude (see Ap-
pendix B.5), and therefore, without loss of generality, we present results 
for a +1% modification of 𝑛𝑒.

Moreover, EarthProbe allows for different detector configurations. 
Each neutrino detector yields corresponding synthetic data 𝐮, reflect-
ing differences in detector response and reconstruction performance 
(steps (c) and (d) in Fig. 2). The reconstruction of neutrino properties 
in EarthProbe follows the paradigm of water Cherenkov detectors such 
as KM3NeT/ORCA, as it assumes a water detection medium. EarthProbe 
models the detector response using a set of analytical parameterizations. 
This approach is sufficiently flexible to emulate technologies beyond wa-
ter Cherenkov detectors.
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Fig. 7. Fréchet derivatives 𝜕𝑢𝛼
/

𝜕𝑚𝑖
|

|

|𝐦=𝐦init
 in the inversion for electron density, with the perturbation applied as a percentage variation and normalized to 𝑚59. The 

results are shown for a ∼ 100 km-thick shell within the MTZ, spanning depths from 500 km to 600 km and parameterized by 𝑚59. Results are shown for 𝜈𝜇-like events 
in the perfect (a), DUNE-like (b), HK-like (c), and KM3NeT/ORCA-like (d) detectors. The derivatives correspond to a +1% perturbation in electron density.

Regarding the state-of-the-art detectors considered, we use 
the benchmark parameterizations of KM3NeT/ORCA, Hyper-
Kamiokande (Abe et al., 2018), and DUNE (Abi et al., 2020), as 
provided in Maderer et al. (2023b). Since the parameterizations 
for KM3NeT/ORCA may evolve as its development progresses, and 
because HK and DUNE rely on a different detection technology than 
KM3NeT/ORCA, we refer to these configurations as KM3NeT/ORCA-
like, HK-like, and DUNE-like, respectively.

To assess the intrinsic sensitivity of NOTE to perturbations in the 
Earth model, we also consider an idealized hypothetical detector with 
near-perfect reconstruction capabilities, referred to hereafter as per-
fect detector, since its performance is taken to reach the fundamental 
limits imposed by the underlying detection physics. The corresponding 
assumptions on efficiency, energy and angular resolution are detailed 
in Appendix B.4. We further assume that this detector can perfectly iden-
tify all eight interaction channels introduced in Section 3.3. Since such 
channel-identification performance lies beyond the reach of currently 
funded technologies, we also consider a more realistic configuration in 
which only 𝜈𝜇-like and 𝜈𝑒-like topologies can be distinguished, while 
retaining the same assumptions on efficiency and resolution.

Finally, we specify the energy range and binning scheme used for 𝐮
and 𝐝. For all detector configurations, we use 100 logarithmically spaced 
energy bins between 1GeV and 40GeV, and 800 bins in cos 𝜃𝑧 spanning 

from −1 to 0. Although the sensitivity of NOTE is concentrated roughly 
between 1GeV and 11GeV, we extend the energy range to 40GeV. This 
choice is motivated by the limited energy and angular resolution of de-
tectors such as KM3NeT/ORCA, which shifts sensitivity toward higher 
energies. For HK and DUNE, the contribution to the total sensitivity 
above 11GeV is below 0.1%. Thus, including this extended range has no 
significant impact on the results, while ensuring consistency across de-
tector models. The contribution from energies below 1GeV is negligible 
for all detectors. Given our assumption of a 20 year data-acquisition pe-
riod, we adopt this fine binning in both energy and cos 𝜃𝑧, which results 
in small statistical fluctuations in each bin.

4.2.  Toward the inversion of neutrino data

The forward modeling of NOTE can be written in general 
form (Virieux and Operto, 2010) as
𝐮 = (𝐦). (13)

Here, 𝐦 denotes the set of Earth model parameters, representing the 
electron density profile (Section 3.2). In the present work, 𝐦 is a vector 
with 64 entries (Section 4.1). For a given neutrino detector, the synthetic 
data 𝐮 consists of event counts binned in energy and incidence angle, 
and further separated by event topology. The binning scheme adopted 
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Fig. 8. Sensitivity curves, as defined in Eq. (16), for +1% perturbations in electron density within 100 km-thick shells at different depths. Panels (a) and (c) show 
the energy dependence for selected energies and for all energies, respectively, while panels (b) and (d) show the corresponding incidence-angle dependence for 
selected angles and for all angles. The gray arrows in panels (c) and (d) indicate the selected energies shown in (a) and the selected incidence angles shown in (b), 
respectively. For guidance, the boundaries of the outer core and inner core are also shown in panels (a) and (b).

Fig. 9. Total sensitivity curves, as defined in Eq. (16), for +1% electron density perturbations in 100 km-thick shells at different depths. The results for the next-
generation detectors DUNE-like, HK-like, and KM3NeT/ORCA-like are shown in (a). A data-acquisition period of 20 years is assumed for all cases, corresponding to 
exposures of 0.8, 8, and 160 Mton-years, respectively, reflecting the different detector sizes (0.04, 0.4, and 8 Mton, respectively). The intrinsic sensitivity is illustrated 
in (b) using the perfect detector capable of distinguishing all eight neutrino interaction channels (dashed curve). A more realistic scenario is also shown (solid curve), 
resorting to the perfect detector distinguishing only two event topologies. In these two cases an exposure of 200 Mton-years is assumed. For guidance, the boundaries 
of the lower mantle, outer core, and inner core are also shown.
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in this work is specified in Section 4.1. Formulating the inverse problem 
requires knowledge of the inverse of , which is generally not accessible.

One way to proceed is to linearize the forward problem around the 
initial Earth model 𝐦init , which is taken to be the nominal Earth model 
defined in Section 3.2, yielding

(𝐦init + Δ𝐦) ≃ (𝐦init ) +
(

∇𝐦 (𝐦)|𝐦=𝐦init

)

⋅ Δ𝐦, (14)

where ∇𝐦(𝐦) are the Fréchet derivatives
[

∇𝐦(𝐦)
]

𝛼𝑖 =
𝜕𝑢𝛼
𝜕𝑚𝑖

|

|

|

|𝐦=𝐦init

. (15)

This matrix encodes the linear response of the observables to pertur-
bations in the model parameters and therefore constitutes the central 
ingredient for inversion based on neutrino data. Performing an inver-
sion with neutrinos thus requires the construction of ∇𝐦(𝐦), a subset 
of which we present in Section 5.1.

In this work, 𝐦 is a 1D parameterization of the Earth. In seismology, 
such a parameterization is typically used for global or regional 1D inver-
sion, since seismic waves sample extended volumetric regions between 
source and receiver. In contrast, neutrino rays are straight lines, inter-
secting a spherically symmetric shell under study at up to two points 
(one in the tangential case). Consequently, in NOTE, the Fréchet deriva-
tives 𝜕𝑢𝛼∕𝜕𝑚𝑖

|

|𝐦=𝐦init
 can be interpreted as encoding sensitivity to lo-

calized 3D voxels along the ray. A 3D inversion would require resolv-
ing the degeneracy between the two voxels located at the same radial 
distance from the Earth’s center along a given neutrino ray. This step 
is beyond the scope of this work, but could be addressed by intro-
ducing a hemispherical partition of the Earth relative to the detector 
position. We present Fréchet derivatives that do not account for this
distinction.

4.3.  Statistical approach to NOTE

Fréchet derivatives constitute the tool for performing inversion. 
Inspecting them can offer qualitative insight into which regions in 
(𝐸𝜈 , cos 𝜃𝑧) carry stronger predictive power, by identifying energies and 
incidence angles where 𝜕𝑢𝛼∕𝜕𝑚𝑖

|

|𝐦=𝐦i
 is large. However, this interpreta-

tion remains only indicative. A large variation in 𝐮 in a given bin does 
not necessarily imply a significant contribution if the corresponding 
event count has large uncertainty. A quantitative assessment requires 
accounting for the statistical uncertainty associated with the bin popu-
lations.

Consequently, as a measure of the sensitivity of the idealized and 
realistic next-generation detectors described in Section 4.1 to distin-
guish two different electron density scenarios, we report in Sections 5.2 
and 5.3 the total Δ𝜒2, computed as

Δ𝜒2(𝐦init ,𝐦mod,i) =
𝑛𝐸
∑

𝑗=1

𝑛𝜃
∑

𝑘=1

(

𝑁 init
𝑗,𝑘 −𝑁mod,i

𝑗,𝑘

)2

𝑁 init
𝑗,𝑘

, (16)

where the summation is over the chosen number of 𝑛𝐸 energy and 𝑛𝜃
incidence angle bins. 𝐦mod,i = 𝐦init + Δ𝐦 refers to the alternative Earth 
model, that differs from the nominal one by a modification of 𝑛𝑒 in 
the 𝑖th shell. 𝑁 init

𝑗,𝑘  and 𝑁mod,i
𝑗,𝑘  denote the numbers of detected neu-

trino events for the initial and modified Earth models, respectively, and 
follow Poisson statistics. The binning described in Section 4.1 is suf-
ficiently fine to approximate the limit of infinitely small bins. The val-
ues Δ𝜒2(𝐦init ,𝐦mod,i) should be interpreted as the statistical significance 
with which the nominal model would be rejected if the event counts 
𝑁mod,i

𝑗,𝑘  in Eq. (16) were observed.

4.4.  Physical origin of the sensitivity of NOTE

The sensitivity of NOTE depends on how strongly variations in the 
Earth model affect the neutrino rates. The model parameters 𝐦 directly 

influence the neutrino oscillation probabilities, which modulate the fla-
vor composition of the atmospheric neutrino flux traversing the Earth 
and thereby translate into changes in the observed neutrino rates across 
flavors.

In the simplified case of a uniform Earth with constant electron den-
sity 𝑛0𝑒 , oscillation probabilities are proportional to sin2 (𝑐(𝑛0𝑒 ) ⋅ 𝐿∕𝐸𝜈 ), 
where 𝐿 is the propagation distance and 𝑐(𝑛0𝑒 ) is a constant that de-
pends on the electron density. For specific combinations of 𝐿 and 𝐸𝜈 , 
this term varies strongly between Earth models, leading to large changes 
in oscillation probabilities, thus neutrino rates, and therefore increased 
sensitivity. These conditions correspond to resonant oscillations, known 
as MSW resonances (for Mikheyev, Smirnov, and Wolfenstein). In the 
Earth, such resonances occur for neutrinos with ∼ 3GeV traversing the 
outer core and with ∼ 7GeV traversing the mantle.

Neutrino flavor oscillations within the Earth can undergo another 
form of resonant enhancement, known as parametric resonance, aris-
ing from density transitions between different terrestrial layers (Chizhov 
et al., 1998; Akhmedov, 1999). In this case, effects accumulated in suc-
cessive regions can combine in a constructive manner, leading to a sig-
nificant modification of the final oscillation probability and increased 
sensitivity.

The interplay of both resonance mechanisms gives rise to energy 
ranges in which neutrinos traversing specific regions of the Earth un-
dergo enhanced modifications of their oscillation probabilities. Fig. 6 
illustrates the effect of increasing by 1% the electron density in a shell 
located either in the mantle (6a-b) or in the core (6c-d) on the oscillation 
probability P𝜈𝑒→𝜈𝜇 , for neutrinos propagating tangentially through each 
shell. In the core, a variation in electron density could reflect differences 
in light-element alloy composition, such as FeH versus FeX (with X≠H). 
The deviation between the nominal and modified Earth models is gen-
erally larger (in absolute value) when the perturbation is located in the 
core.

5.  Sensitivity of NOTE to variations in the radial electron density

5.1.  Fréchet derivatives

In this section, we present a subset of the Fréchet derivatives intro-
duced in Section 4.2 that form the basis of a future linearized inver-
sion. Fig. 7 shows these derivatives with respect to a density change 
in a ∼ 100 km-thick shell within the mantle transition zone (MTZ). The 
corresponding Fréchet derivatives are shown for the detector configu-
rations used in this work, across all energy and incidence-angle bins, 
and restricted to 𝜈𝜇-like events. In NOTE, Fréchet derivatives depend on 
energy, incidence angle, and flavor (encoded through event topologies). 
Furthermore, as required for the linearized inversion, they are linear in 
the perturbation amplitude (see Appendix B.5).

For the perfect detector, 𝜕𝑢𝛼
/

𝜕𝑚𝑖
|

|

|𝐦=𝐦init
 vanishes above 500 km, 

since neutrinos that do not cross the 500 km–600 km shell are unaffected. 
The largest values occur for neutrinos crossing this shell tangentially 
(at cos 𝜃𝑧 ≃ −0.4, or equivalently Δ ≃ 48◦), which maximizes their path 
length through the perturbed region. For more vertical rays, the shell 
is crossed twice but over shorter path lengths, reducing the effect. In 
the DUNE-like detector, finite energy and angular resolutions induce 
event migration between bins, in particular into angular bins above 
the perturbed shell, and leading to a smearing of the pattern observed 
in Fig. 7b. This effect becomes progressively stronger for the HK-like 
and KM3NeT/ORCA-like configurations, whose resolutions are compar-
atively poorer.

Additionally, the range of 𝜕𝑢𝛼
/

𝜕𝑚𝑖
|

|

|𝐦=𝐦init
 values varies across 

detectors, increasing with detector size. Consequently, for the 
KM3NeT/ORCA-like configuration, although the fine structure of the 
pattern from Fig. 7a is degraded by limited resolution, the residual signal 
remains sufficiently strong to make such a detector potentially relevant 
for NOTE.
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5.2.  Sensitivity dependence on energy and incidence angle

In this section and the next, we assess the sensitivity of NOTE to 
perturbations in individual shells, as described in Section 4.3. To as-
sess the energy and angular dependence of NOTE sensitivity in a perfect 
detector, we use Eq. (16), first summing over all 𝑛𝜃 = 800 incidence-
angle bins considered in this work while retaining a single energy bin 
(𝑛𝐸 = 1, Fig. 8a and c) and second summing over all 𝑛𝐸 = 100 energy 
bins while retaining a single incidence-angle bin (𝑛𝜃 = 1, Fig. 8b and d). 
Each depth on the y-axis corresponds to the comparison between neu-
trino rates computed with the nominal Earth model and an alternative 
model 𝐦mod,i, while the x-axis shows the computed Δ𝜒2 values.

We find that the sensitivity for neutrinos with energies around 4GeV 
is highest to perturbations in the outer core (Fig. 8a and c). This behavior 
is driven by the MSW resonance experienced by low-energy neutrinos 
traversing it. The MSW resonance around 7GeV in the mantle enhances 
the sensitivity to mantle perturbations for neutrinos of higher energy, 
while NOTE sensitivity becomes negligible for neutrino energies above 
∼ 11GeV.

Neutrinos in a narrow incidence-angle bin are most sensitive to per-
turbations of the shell they cross tangentially (Fig. 8b and d). If the 
perturbed shell is deeper and not traversed, the contribution vanishes, 
and if it is shallower and crossed twice over short paths, Δ𝜒2 is small 
but non-zero. As a result, the sensitivity curves peak at the depth corre-
sponding to tangential crossing. The peak heights reflect the combined 
contribution of all energies.

5.3.  Total sensitivity

Finally, we examine the total sensitivity to +1% electron density 
perturbations in 100 km-thick shells by summing over all 𝑛𝐸 = 100 en-
ergy and 𝑛𝜃 = 800 incidence-angle bins (Fig. 9). These sensitivity curves 
demonstrate the impact of including NOTE in an inversion framework as 
well as the performance of next-generation detectors (Fig. 9a) relative to 
a perfect detector (Fig. 9b), thereby indicating where improvements in 
experimental performance would most effectively enhance sensitivity.

Each sensitivity curve in Fig. 9a can be loosely (as systematic uncer-
tainties are not included) interpreted as a lower bound on sensitivity for 
the corresponding next-generation detector due to the following. A 1%
increase in electron density within a shell represents a local perturbation 
that is not physically self-consistent, as it violates hydrostatic equilib-
rium (HE). In a realistic scenario, such a change would require corre-
lated adjustments in the surrounding structure to preserve the Earth’s to-
tal mass, moment of inertia, and HE. These coupled modifications would 
lead to a larger deviation from the nominal model, resulting in stronger 
changes in neutrino event rates and thus enhanced sensitivity.

In contrast, the dashed curve in Fig. 9b, corresponding to the perfect 
detector capable of distinguishing all eight neutrino interaction chan-
nels, represents an upper bound and can be interpreted as the intrinsic 
sensitivity of NOTE to these perturbations. The solid curve corresponds 
to a more realistic perfect detector distinguishing only two event topolo-
gies. In both cases, the sensitivity to increases in electron density is high-
est in the Earth’s outer core. It decreases sharply toward the Earth’s 
center due to the reduced number of neutrinos probing progressively 
smaller shells and the shorter path lengths through them. Sensitivity in 
the mantle is significantly lower, mainly because lower-density shells 
correspond to higher resonance energies where the atmospheric neu-
trino flux is reduced.

The gap between the sensitivity of next-generation detectors and the 
idealized case reflects limitations in event reconstruction. The reduction 
in sensitivity is larger in the core because neutrinos traversing it expe-

rience MSW resonances near 3GeV, compared to ∼ 7GeV for mantle-
crossing neutrinos, and reconstruction performance degrades at lower 
energies for all detectors. The effect is largest for KM3NeT/ORCA, in-
termediate for HK, and smallest for DUNE, reflecting their respective 
resolutions and efficiencies (Maderer et al., 2023b).

6.  Conclusions

Research on the Earth’s internal structure has advanced greatly over 
the past century, yet key questions remain, such as the precise density 
and hydrogen content of different regions, motivating the search for 
new observables that complement traditional geophysical methods. One 
promising observable is the flux of atmospheric neutrinos traversing the 
Earth, whose oscillation patterns carry information about the electron 
density along their rays. In this paper, we take a step toward integrat-
ing neutrino oscillation measurements into a joint inversion framework 
with seismic data by describing the forward problem, formulating its 
linearization, and quantifying the sensitivity of the associated Fréchet 
derivatives to perturbations in the Earth’s electron density profile.

We first describe the forward modeling of neutrino oscillation tomog-
raphy of the Earth (NOTE). We then demonstrate that the Fréchet deriva-
tives required for the linearized inverse problem can be computed and 
that they scale linearly with the amplitude of perturbations in electron 
density. This is done for expected neutrino rates at the next-generation 
KM3NeT/ORCA detector, which is under construction and steadily ac-
cumulating data, as well as for HK and DUNE, which are scheduled to 
begin data acquisition in the coming years. We also consider an idealized 
hypothetical detector to assess the intrinsic sensitivity of the method.

To investigate the sensitivity of the Fréchet derivatives to localized 
perturbations, we study the response of neutrino oscillations to a 1% in-
crease in electron density within ∼ 100 km-thick shells. To approximate 
the intrinsic sensitivity, we consider the idealized detector represent-
ing the fundamental performance limit. While this idealized detector 
shows the highest sensitivity to perturbations in the core, realistic de-
tectors exhibit overall reduced sensitivity that shifts toward the man-
tle. Thus, detector performance plays an important role in determining 
which regions of the Earth can be probed most effectively. The sensi-
tivity decrease arises from reduced detection efficiency and finite en-
ergy and angular resolution and is more pronounced at lower energies, 
where MSW resonances occur for core-traversing neutrinos. Future work 
should identify which detector characteristics most effectively enhance 
sensitivity to different Earth regions, thereby guiding the design of next-
generation instruments.

These results establish the basis for developing a joint inversion 
framework combining seismic data and neutrino oscillation tomography 
of the Earth, with the latter providing constraints on the Earth’s electron 
density distribution. Such constraints on electron density could help test 
specific geochemical hypotheses, such as localized hydrogen enrichment 
or proposed heavy-element concentrations. In its most complete form, 
such a framework would integrate neutrino observations from multiple 
detectors as well as neutrino absorption tomography, providing more 
comprehensive and complementary constraints on the Earth’s internal 
structure.
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Appendix A.  Physical constants, variables, and expressions

In this appendix, we provide tables listing the physical constants, 
variables, and expressions used in this study (Tables A.1–A.5).

Table A.1 
Table of physical constants used in this study and their values. The neutrino 
oscillation parameters (Θ𝑖𝑗 , Δ𝑚2

𝑖𝑗 , and 𝛿CP) are taken from Esteban et al. (2025). 
Other constants are taken from Olive et al. (2014).
 Symbol  Description  Value
Θ12  “solar” mixing angle 33.68◦

Θ13  “reactor” mixing angle 8.56◦

Θ23  “atmospheric” mixing angle 43.3◦

Δ𝑚2
21  “solar” mass-squared difference 7.49 × 10−5eV2

Δ𝑚2
31  “atmospheric” mass-squared difference 2.513 × 10−3eV2

𝛿CP  CP-violating phase 212◦

𝑀u  molar mass constant 1 g mol−1
A  Avogadro number 6.022140857 × 1023 mol−1
ℏ𝑐  reduced Planck constant × speed of light 1.973269788 × 10−10 eV km
𝐺F  Fermi constant 1.1663787 × 10−5 GeV−2

Table A.2 
Table of variables used in this study and their units.
 Symbol  Description  Unit
𝐸𝜈  neutrino energy  GeV
𝜃𝑧  neutrino zenith angle  dimensionless
Δ  epicentral distance ◦

𝑡, 𝑇  travel time of the neutrino within the Earth  s
𝐿  path length  km
𝑛𝑒  electron density  m−3

𝜌  matter density  kg m−3

𝑌𝑒  electron yield  dimensionless
𝑍  atomic number  dimensionless
𝐴  standard atomic weight  dimensionless
𝑤  weight fraction  dimensionless
𝜙𝜈  flux of atmospheric neutrinos  (cm2 s sr GeV)−1
 Mw  moment magnitude scale  dimensionless

Table A.3 
Values of electron yield used in this work.
 Layer  Radial extent [km]  Electron yield 𝑌𝑒
 Sea 6368.0 − 6371.0 0.5524
 Crust 6346.6 − 6368.0 0.4956
 Mantle 3480.0 − 6346.6 0.4954
 Core 0 − 3480.0 0.4691

Table A.4 
Expressions used in this study and their meaning.
 Symbol  Description
𝜈𝑒, ̄𝜈𝑒  electron neutrino, electron antineutrino
𝜈𝜇 , ̄𝜈𝜇  muon neutrino, muon antineutrino
𝜈𝜏 , ̄𝜈𝜏  tau neutrino, tau antineutrino
𝜈∕𝜈̄  generic neutrino/antineutrino, if the flavor doesn’t

 matter
𝜈𝑋  representative of any of the eight neutrino interaction

 channels
𝛼, 𝛽  reserved for flavor 𝑒, 𝜇, or 𝜏
𝛼−/𝛼+  reserved for particle 𝑒, 𝜇, or 𝜏/ antiparticle of 𝑒, 𝜇,

 or 𝜏
𝜈𝛼 → 𝜈𝛽  oscillation process from 𝜈𝛼 to 𝜈𝛽
 P𝜈𝛼→𝜈𝛽  probability of the oscillation process from 𝜈𝛼 to 𝜈𝛽
|𝜈𝛼⟩  neutrino flavor eigenstates
|𝜈𝑖⟩, 𝑖 ∈ {1, 2, 3}  neutrino mass eigenstates
𝑚𝑖, 𝑖 ∈ {1, 2, 3}  neutrino masses
  Hamiltonian governing the system’s evolution
vacuum  Hamiltonian in vacuum
matter  effective matter Hamiltonian
𝑉𝑒  matter-induced potential
𝑥̄  position in space
𝑥̄entry  position where a neutrino enters the Earth
 NC/CC  neutral-current/charged-current (interaction)
𝑍0, 𝑊 ±  weak-force bosons
𝜈𝜇/𝜈𝑒-like  event topologies
  function encoding the forward modeling
𝐦  Earth model parameters, with elements 𝑚𝑖
𝐮  synthetic data, with elements 𝑢𝛼
𝐝  real data
∇𝐦(𝐦)  Fréchet derivatives
𝐦init  nominal or initial Earth model
𝐦mod,i  alternative Earth model where the 𝑖th shell was

 modified
Δ𝐦 = 𝐦mod,i −𝐦init
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Table A.5 
Continuation of Table A.4.
 Symbol  Description
Δ𝜒2  test statistic defined in Eq. (16)
𝑛𝐸/𝑛𝜃  number of energy bins/incidence-angle bins
𝑁 init

𝑗,𝑘 /𝑁
mod,i
𝑗,𝑘  number of detected neutrino events for the initial/modified

 Earth model
  time-ordering operator
Δ𝑡𝑘, 𝑡𝑘  time intervals, intermediate values
𝑁 int

𝜈𝑋
/𝑅int

𝜈𝑋
 number/rate of interacting neutrino events

𝑇det/𝑀det  data-acquisition time/mass of a neutrino detector
𝜎int
𝜈𝑋

 cross section of neutrino interaction 𝜈𝑋
𝑚N  average mass of target nucleons in a medium
𝜎(𝐸𝜈 )  smearing function representing energy resolution
𝜎(𝜃𝑧;𝐸𝜈 )  smearing function representing angular resolution
𝜖det (𝐸𝜈 )  efficiency of successful detection
𝜖class(𝐸𝜈 )  efficiency of successful classification
𝑛0𝑒  particular constant value of electron density
𝑐(𝑛0𝑒 )  constant expression that depends on 𝑛0𝑒
Ψ  variable expression that depends on 𝑚𝑗 , 𝐸𝜈 , and 𝐿

Appendix B.  Details of neutrino oscillation probability 
calculations

This appendix presents additional technical material on the model-
ing of neutrino observables, for which we employ the EarthProbe frame-
work (Maderer et al., 2023a).

B.1.  Atmospheric neutrino flux configuration

This appendix provides the specific atmospheric neutrino flux con-
figuration used in the present study.

In this work, we use the benchmark atmospheric neutrino flux com-
puted for the Gran Sasso site (no mountain overburden), averaged 
over azimuth and seasonal variations, and assuming minimum solar ac-
tivity (Hon, 2026). Gran Sasso, which hosts the underground labora-
tory (Lng, 2026), lies at a latitude similar to that of the detectors con-
sidered here. Flux differences between these sites are expected to be 
within ∼ 1% (Honda et al., 2015). Averaging over seasons is appropri-
ate, as NOTE will rely on data collected over several years. Solar activity 
modulates the flux of low-energy cosmic rays entering the atmosphere, 
thereby affecting the production of atmospheric neutrinos. This effect re-
mains below 1% for neutrino energies above 3GeV and reaches at most 
3% at lower energies (Honda et al., 2015). The overall neutrino flux has 
an estimated systematic uncertainty of 7% below 10GeV, and 14% in the 
range between 10GeV and 100GeV.

B.2.  Implementation of neutrino oscillations

This appendix specifies the parameters entering vacuum and outlines 
the solution of the Schrödinger equation for neutrino oscillations in mat-
ter adopted in the present work.

The vacuum Hamiltonian vacuum is fully determined by six parame-
ters: the mixing angles Θ12, Θ13, and Θ23, the mass-squared differences 
Δ𝑚2

21 and Δ𝑚2
31 (with Δ𝑚2

𝑖𝑗 = 𝑚2
𝑖 − 𝑚2

𝑗 ), and the complex phase 𝛿CP. We 
adopt the oscillation parameters from Esteban et al. (2025), based on 
global fits performed by the NuFIT collaboration and regularly updated 
with new experimental data. The first four parameters are now known 
to percent-level precision, whereas 𝛿CP is still poorly constrained and the 
sign of Δ𝑚2

31 remains undetermined. Consequently, the neutrino mass or-
dering, whether 𝑚1 < 𝑚2 ≪ 𝑚3 (normal ordering) or 𝑚3 ≪ 𝑚1 < 𝑚2 (in-
verted ordering), is still unknown. This unknown physical property af-
fects neutrino oscillation probabilities and therefore impacts this study. 
Throughout our analysis, we assume the normal mass ordering, which 
is currently slightly favored by global data (Esteban et al., 2025). NOTE 
requires long data-acquisition periods. By the time sufficient data have 

been accumulated to probe the deep Earth with neutrinos, all six oscil-
lation parameters are expected to be known with high precision.

To solve the Schrödinger equation in matter for a given neutrino 
ray, defined by Eqs. (6)–(12), EarthProbe builds a sequence of the Earth 
matter segments successively traversed by the neutrino, each having 
constant electron density. The solution is then given by:

|𝜈𝛼(𝑇 )⟩ = 
{

exp
(

− 𝑖
ℏ ∫

𝑇

0

(

𝑡′
)

𝑑𝑡′
)}

|𝜈𝛼(0)⟩ , (B.1)

where 𝑇  is the time the neutrino needs to cross the Earth and   is 
the time-ordering operator that ensures computations follow the correct 
temporal sequence of segment crossings. Note that Eq. (B.1) is the ma-
trix generalization of the solution exp(−𝑖𝐸𝜈 𝑡∕ℏ) |𝜈(0)⟩ of the Schrödinger 
equation with a time-independent Hamiltonian  in one dimension, 
𝑖ℏ𝜕𝑡 |𝜈(𝑡)⟩ =  |𝜈(𝑡)⟩.

After discretizing the total time 𝑇  into small time intervals Δ𝑡𝑘, the 
OscProb package (Coelho et al., 2023) is used to solve Eq. (B.1) nu-
merically, by approximating (𝑡) as a sequence of piecewise-constant 
Hamiltonians (𝑡𝑘), each defined over the time interval Δ𝑡𝑘:

|𝜈𝛼(𝑇 )⟩ ≈ 

{

∏

𝑘
exp

(

− 𝑖
ℏ

(

𝑡𝑘
)

Δ𝑡𝑘
)

}

|𝜈𝛼(0)⟩ . (B.2)

Solving Eq. (B.2) finally requires computing the matrix exponential of 
each 3 × 3 Hermitian matrix (𝑡𝑘). OscProb performs this operation effi-
ciently by solving the eigensystem of each Hamiltonian using the hybrid 
algorithm described in Kopp (2008), and computing the singular value 
decomposition of the symmetric matrix in the first term of Eq. (9).

B.3.  Computation of neutrino interaction rates

This appendix describes the computation of neutrino interaction 
rates in a target volume used in this work, independent of the subse-
quent detection technique.

As explained in Section 3.3, we consider eight neutrino interaction 
channels, which are denoted here for simplicity by 𝜈𝑋 . For each channel 
𝜈𝑋 , the differential interaction rate with target nucleons is computed as a 
binned function of energy and zenith angle, per unit exposure (Maderer 
et al., 2023b):

𝑅int𝜈𝑋

(

𝐸𝑖
𝜈 , cos 𝜃

𝑗
𝑧
)

≡
d4𝑁 int

𝜈𝑋

(

𝐸𝑖
𝜈 , cos 𝜃

𝑗
𝑧

)

d𝐸𝑖
𝜈 d

(

cos 𝜃𝑗𝑧
)

d𝑇det d𝑀det

, (B.3)

where 𝑇det is the data-acquisition time, 𝑀det the mass of the instru-
mented volume, and 𝐸𝑖

𝜈 and cos 𝜃𝑗𝑧 are the centers of the 𝑖-th energy 
bin and the 𝑗-th cos 𝜃𝑧 bin, respectively. To compute this rate, Earth-
Probe weighs the atmospheric neutrino flux Φ𝜈𝛽  by the corresponding 
probabilities P𝜈𝛽→𝜈𝑋  to oscillate into the flavor associated to channel 𝜈𝑋
or to stay in that flavor, and then multiplies the resulting flux arriving 
at the detector by the channel-dependent cross section 𝜎int𝜈𝑋

, which is a 
measure of the probability that the neutrino undergoes this interaction 
and is given in units of area (representing the effective target size):

𝑅int𝜈𝑋

(

𝐸𝑖
𝜈 , cos 𝜃

𝑗
𝑧
)

=

⎛

⎜

⎜

⎜

⎝

∑

𝛽=𝑒,𝜇

d2Φ𝜈𝛽

(

𝐸𝑖
𝜈 , cos 𝜃

𝑗
𝑧

)

d𝐸𝑖
𝜈 d

(

cos 𝜃𝑗𝑧
) P𝜈𝛽→𝜈𝑋

(

𝐸𝑖
𝜈 , cos 𝜃

𝑗
𝑧
)

⎞

⎟

⎟

⎟

⎠

𝜎int𝜈𝑋

(

𝐸𝑖
𝜈
)

𝑚N
.

(B.4)

Here, 𝜈𝛽 ∈ {𝜈𝑒, 𝜈𝜇} (𝜈𝛽 ∈ {𝜈̄𝑒, 𝜈̄𝜇}) when 𝜈𝑋 is a neutrino (antineutrino) 
channel. The contribution of atmospheric tau (anti)neutrinos is ne-
glected, as they are very rarely produced in extensive air showers. The 
cross section is divided by the average mass 𝑚N of the target nucleons 
in the medium, so that event rates for a given detector can be obtained 
by multiplying 𝑅int𝜈𝑋

 by the detector mass.
Finally, for a given detector exposure 𝑇det𝑀det , the expected num-

ber of neutrinos interacting within the detector in a specific energy and 
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Fig. B.10. The upper panel in (a) shows sensitivity curves for the perfect detector (capable of distinguishing two event topologies) and for ±1%, ±2%, and ±3%
perturbations in 𝑛𝑒. The lower panel shows the corresponding residuals obtained by comparing the rescaled sensitivity curves to the +1% reference. The same residual 
analysis is shown in (b) for the next-generation detectors (DUNE-like, HK-like, and KM3NeT/ORCA-like, from top to bottom).

incidence-angle bin through channel 𝜈𝑋 is computed as:
𝑁 int

𝜈𝑋

(

𝐸𝑖
𝜈 , cos 𝜃

𝑗
𝑧
)

= 𝑅int𝜈𝑋

(

𝐸𝑖
𝜈 , cos 𝜃

𝑗
𝑧
)

Δ𝐸𝑖
𝜈 Δ

(

cos 𝜃𝑗𝑧
)

𝑇det 𝑀det . (B.5)

B.4.  Modeling of neutrino detection

This appendix describes the modeling of the detector response and 
details the assumptions underlying the idealized detector configuration 
referred to in the main text as the perfect detector.

To account for detector uncertainties and inefficiencies, EarthProbe 
employs a set of analytical functions to model the detector response. 
These consist of smearing functions 𝜎(𝐸𝜈 ) and 𝜎(𝜃𝑧;𝐸𝜈 ), as well as effi-
ciency functions 𝜖det(𝐸𝜈) and 𝜖class(𝐸𝜈 ). The smearing functions encode 
the resolution of the reconstructed properties (note that the angular res-
olution is energy dependent), while the efficiency functions describe 
the probability of successful detection and event classification, respec-
tively. More specifically, 𝜖det(𝐸𝜈) represents the probability of detecting 
a neutrino interaction and is taken to be zero below the detector energy 
threshold, whereas 𝜖class(𝐸𝜈 ) gives the probability of correctly assigning 
an interacting event to its topology (e.g., classifying a 𝜈𝜇 CC interac-
tion as 𝜈𝜇-like). All functions are parameterized with a small number of 
user-defined parameters (for full details, see Maderer et al., 2023b).

The idealized next-generation detector, referred to in this work as the 
perfect detector, is used to assess the intrinsic sensitivity of NOTE. It thus 
represents the limiting case in which all detector effects are reduced to 
the fundamental irreducible uncertainties associated with neutrino in-
teraction kinematics. The remaining uncertainties on the reconstructed 
neutrino energy and incidence angle originate solely from the stochastic 
nature of the interaction kinematics due to nuclear Fermi motion. In this 
limit, the energy resolution is negligible, while the angular resolution is 
parametrized as

𝜎(𝜃𝑧) =
2.6◦
√

𝐸𝜈
. (B.6)

The detector is further assumed to achieve full efficiency over the rele-
vant energy range, and a benchmark instrumented mass of 10 Mton is 
adopted.

B.5.  Linearity in the forward modeling

For a linearized inversion, the Fréchet derivatives must scale linearly 
with the amplitude of the perturbation in the model parameters. In this 
appendix, we demonstrate this behavior for the sensitivity curves, which 

differ from the Fréchet derivatives mainly through the squared differ-
ence of neutrino rates between nominal and alternative Earth models. 
The upper panel of Fig. B.10 shows sensitivity curves for the perfect de-
tector and different perturbation amplitudes. We observe that increasing 
the amplitude from 1% to 2% (3%) leads to an approximate increase by a 
factor of 22 (32) of the sensitivity, consistent with the quadratic depen-
dence in the Δ𝜒2 definition. To quantify deviations from this approx-
imation, the lower panel shows the residuals obtained by comparing 
the rescaled sensitivity curves to the +1% case. We verify that this rela-
tion also holds for realistic detectors (Fig. B.10b). These results indicate 
that perturbations of up to ±3% in 𝑛𝑒 remain in the linear regime for
NOTE.
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