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the Japan Sea. We also find a negative S-wave velocity anomaly in the depth

range 300-400 km beneath the subduction zone to the east of northern Japan

and its southern extension beneath the Izu-Bonin-Marianas arc. Our inver-
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1. Introduction

This paper has three aims: (1) to present techniques for automated inver-

sion of broad-band body-wave waveform data for elastic and anelastic Earth

structure; (2) to apply these techniques to invert for 1-D seismic structure

for various subregions of the upper mantle and the mantle transition zone

(MTZ) beneath the Northwestern Pacific; and (3) to estimate the uncertainty

and study the robustness of the results.

There have already been relatively many waveform inversion studies us-

ing mainly long-period surface waves (e.g., Mégnin and Romanowicz, 2000;

Hara, 2004; Takeuchi, 2007). Most such studies derived global models with

a relatively low resolution. However, because of the efficient and accurate

calculation of synthetic seismograms and partial derivatives, Hara (2004) was

able to derive models with relatively better resolution.

Although there have been many studies which used body-wave waveforms

to determine 1-D structure models for particular regions, almost all such stud-

ies have been conducted by forward modeling (e.g., Lay and Helmberger,

1983; Grand and Helmberger, 1983; Brudzinski et al., 1997; Tajima and

Grand, 1998). One obstacle to performing waveform inversion of broad-band

waveforms has been the need for accurate and efficient methods for computing

synthetic seismograms and their partial derivatives. Our group has recently

developed algorithms based on the Direct Solution Method (DSM: Geller

and Ohminato, 1994) for computing highly accurate synthetics for spheri-

cally symmetric transversely isotropic Earth models (Kawai et al., 2006, and

references cited). To date our applications of waveform inversion to Earth

structure have only been for 1-D models, but our approach is formulated for
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application to 3-D problems (Geller and Hara, 1993; Cummins et al., 1997;

Takeuchi et al., 2000).

We have recently conducted waveform inversion studies of transverse com-

ponent data for the localized 1-D S-wave velocity structure of D′′ (Kawai et

al., 2007ab; Konishi et al., 2009). Kawai et al. (2007a) inverted for the

fine structure of the D′′ layer beneath Central America and found higher

S-velocities in the upper half of D′′ and lower velocities in the lower half.

Kawai et al. (2007b) and Kawai and Geller (2009) obtained similar results

for D′′ beneath the Arctic. Konishi et al. (2009) found a more complicated

structure, which they called an “S-shaped” velocity model, for D′′ beneath

the Western Pacific. Their model suggests the existence of phase transitions

at several depths within D′′ and is consistent with the existence of depleted

MORB in the lowermost mantle beneath the Western Pacific.

This study is our first attempt to simultaneously invert for elastic (S-

wave velocity) and anelastic (Qµ) structure. The target is the MTZ and

upper mantle beneath the Northwestern Pacific. Accurate measurement of

seismic attenuation can help to constrain the physical and chemical state

of the interior of the Earth, as seismic attenuation reflects physical proper-

ties in the MTZ such as temperature, water content, and composition (e.g.,

Karato, 1993; Faul and Jackson, 2005). There have been several studies

of attenuation structure, mainly using relatively long period surface wave

(from 60 up to 1000 seconds) waveforms (e.g., Romanowicz, 1995, 1998;

Gung and Romanowicz, 2004) or surface wave amplitudes (e.g., Dalton et

al., 2008). Attenuation around Japan was also previously studied using for-

ward modeling by Kato et al. (2001) and Revenaugh and Jordan (1991).
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Extracting information on attenuation from recorded seismograms requires

careful treatment of elastic structure because focusing and defocusing effects

or scattering effects can also affect the amplitudes. This paper is the first

attempt to utilize inversion techniques for relatively short period (20-200 s)

body wave waveform data, in order to simultaneously invert for 1-D elastic

and anelastic structure.

2. Methodology

Fig. 1 shows the overall flowchart of our inversion procedures. First we

choose a target region, select events and stations, and calculate synthetic

seismograms and partial derivatives for the initial model. After correcting

for the effect of local structure near the stations and sources by making static

corrections (time shifts), we check whether each of the observed seismograms

satisfies criteria for inclusion in the dataset.

As shown in Fig. 1, we perform waveform inversion to minimize the vari-

ance between the observed seismograms and synthetic seismograms, subject

to regularization. Since this inversion is non-linear, iterative linearized in-

version is desirable. However, due to the computational requirements we are

not presently routinely performing iterative inversion. In this paper we only

perform one sample iterative inversion as an example.

We have developed software which automatically performs the various

steps in Fig. 1. Some parts of this software are publicly available from our

website (http://www-solid.eps.s.u-tokyo.ac.jp/˜dsm).

4



2.1. Synthetics and partial derivatives

2.1.1. Synthetics

In this study we use the Direct Solution Method (Geller and Ohminato,

1994; Cummins et al., 1994ab; Geller and Takeuchi, 1995; Takeuchi et al.,

1996; Takeuchi et al., 2000; Kawai et al., 2006) to compute full-wave synthetic

seismograms. The DSM obtains the solution of the weak form of the equation

of motion by directly solving the Galerkin weak form of the equation of

motion:

(ω2T−H + ωR)c = −g, (1)

where T is the mass matrix, H is the stiffness matrix, g is the force vector,

and R enforces continuity conditions at fluid-solid boundaries which exists

only for the spheroidal (P-SV) case. Our methods do not use geometrical

optics or Earth-flattening approximations in computing the synthetics and

their partial derivatives. The DSM efficiently computes highly accurate syn-

thetic seismograms in a spherically symmetric transversely isotropic Earth

model (Kawai et al., 2006). Although the publicly released software is only

for 1-D media at present, this approach can also be applied to 3-D problems

(e.g., Takeuchi et al., 2000).

2.1.2. Partial derivatives with respect to µ0 and Q−1
µ

When we compute the partial derivatives with respect to µ0 (the real

part of the elastic parameter at the reference frequency) and Qµ (the anelastic

attenuation parameter, which we assume to be frequency-independent within

the frequency band being considered), we have to take anelastic attenuation

into account. Azimi’s law (Azimi et al., 1968) gives the frequency dependence

of µ as follows:
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µ(ω) ≈ µ0

(
1 +

2q ln(ω/ω0)

π

)
(1 + iq) (2)

where i =
√
−1, q = Q−1

µ , ω is the angular frequency, ω0 is the reference

angular frequency (a reference frequency of 1 Hz, i.e., ω0 = 2π, is used in

this paper), and µ0 = Re(µ(ω0)). We thus have:

∂µ(ω)

∂µ0

=

(
1 +

2q ln(ω/ω0)

π

)
(1 + iq) (3)

∂µ(ω)

∂q
= µ0

[
2 ln(ω/ω0)

π
+ i

(
1 +

4q ln(ω/ω0)

π

)]
. (4)

We use the above results to obtain the perturbation to the shear modulus,

∆µ(ω), for perturbations to the shear modulus at the reference frequency or

to the anelastic parameter, ∆µ0 or ∆q, respectively. We obtain:

∆µ(ω) =
∂µ(ω)

∂µ0

∆µ0 +
∂µ(ω)

∂q
∆q. (5)

We use eq. (5) to compute the perturbation to the synthetic seismogram,

∆u(ω), for perturbations to µ0 or q. We have:

∆u(ω) =
∂u(ω)

∂µ
∆µ(ω), (6)

where
∂u(ω)

∂µ

is the partial derivative of the synthetic seismogram u(ω) with respect to

µ(ω).

The partial derivatives for a “voxel” perturbation to a 3-D starting model

are obtained from the following result, which is based on the formulation of

Geller and Hara (1993):
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{
∂u

(k)
i (ω)[r(p)]

∂ml

}
=

∫
V

(ω∗)2[u
(k)
j ][ρ(l)]∗η

i(p)
j dV −

∫
V

[u
(k)
j,q ]∗[C

(l)
jqrs]η

i(p)
r,s dV, (7)

where ui is the i-component of the displacement, η
j(p)
i is the i-component of

the back-propagated displacement excited by a point force in the j-direction

at the p-th station, summation over j, q, r, and s is implied, and

ui,j =
∂ui

∂xj

is the locally Cartesian derivative.

In this paper we compute partial derivatives for a spherically symmetric

perturbation to a spherically symmetric, anelastic, starting model. The per-

turbations to the density and the elastic constants at a particular depth rl

are written respectively as δρ(l)Ψl(r) and δC
(l)
jqrsΨl(r), where Ψl(r) = δ(r−rl)

in this study. Note that, as discussed above, we include the effect of phys-

ical dispersion in C
(l)
jqrs. In this paper we invert only for SH-wave velocity

and anelastic attenuation Q−1
µ , but the above formulation can be easily ex-

tended to allow inversion for Q−1
κ and P- and SV-wave velocities as well as

an isotropic or 3-D structure.

2.2. Inverse problem

We define δd(kp) to be the residual (the difference of the observed seis-

mogram, δd
(kp)
OBS, and the synthetic seismogram for the initial model, δd

(kp)
INIT)

for the k-th event and the p-th station:

δd(kp) = d
(kp)
OBS − d

(kp)
INIT. (8)
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For simplicity we assume here that we have K events and P stations with

records available at all stations for all events, and we write the corresponding

partial derivatives with respect to the l-th model parameter (in this study

either µ0 or Q−1
µ for some depth) as

∂u(kp)

∂ml

for all M model parameters. We also assume here that each time series has

T points, and that data from all stations are available for all earthquakes; in

this case the vector δd has dimension KPT and the matrix A has dimension

KPT×M . If, on the other hand, the various time series have different lengths

and/or not all stations are available for all events, this can be handled by a

straightforward extension of the above.

The matrix of partial derivatives A(kp) for the k-th event and p-th station

is written as follows:

A(kp) =

[
∂u(kp)

∂m1

∂u(kp)

∂m2

· · · ∂u(kp)

∂ml

]
. (9)

In order to conduct a simultaneous inversion for all event (k) and station (p)

pairs, we combine the residuals δd(kp) and partials A(kp) into a single vector

δd and a single matrix A, respectively, as follows:

δdT =
[
δdT(11) · · · δdT(1P )

δdT(21) · · · δdT(K1) · · · δdT(KP )
]

(10)

AT =
[
AT(11) · · · AT(1P )

AT(21) · · · AT(K1) · · · AT(KP )
]
. (11)
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The inverse problem is usually written as:

Aδm = δd (12)

where δm is the perturbation to the initial model. Since the number of

unknowns (number of elements of δm) is usually far smaller than the number

of data points (number of elements of δd), it is well known that eq. (12)

implies the following minimization rather than strict equality:

|Aδm− δd|2 = minimum. (13)

Fig. 2 shows a schematic explanation of the inversion process.

We use the SVD to decompose the matrix A as follows. The singular

value decomposition (SVD) has been widely discussed in the geophysical

literature (e.g., Wiggins, 1972; Menke, 1984). However, as discussed below,

their results can be considerably simplified for the case when ATA is non-

singular:

A = UΛVT, (14)

where the non-zero eigenvalues are ordered as follows:

λ2
1 ≥ λ2

2 ≥ · · · ≥ λ2
M > 0. (15)

Note that we are assuming that the problem is overdetermined (i.e., M <

KPT ), and that the first M eigenvalues of A (as defined in eq. 15) are

non-zero, i.e., that ATA is positive definite.

The unitary M ×M matrix V contains the right eigenvectors of A:

V = [v1 v2 · · · vM ] (16)
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normalized to satisfy:

vT
j vl = δjl, (17)

the unitary KPT × KPT matrix U contains the left eigenvectors of A,

normalized to satisfy:

uT
j ul = δjl, (18)

and the KPT ×M matrix Λ contains the eigenvalues:

Λ =



λ1 0
. . .

0 λM

0


, (19)

where δjk is a Kronecker delta. It follows from eqs. (14), (17) and (18) that:

Avj = λjuj. (20)

From eqs. (14) and (18) we have

ATA = VΛTUTUΛVT = VΛTΛVT. (21)

From eqs. (17) and (21) we have

vT
j (ATA)vk = λ2

kδjk. (22)

We now use the above results to obtain the least squares solution of eq.

(13) by solving the normal equations:

ATAδm = ATδd. (23)
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We write the solution of eq. (23) as an eigenfunction expansion:

δm =
M∑

j=1

ejvj = Ve, (24)

where the expansion coefficients ej are the unknowns, and the vector e is

defined to be:

eT = (e1 e2 · · · eM). (25)

We substitute eq. (24) into eq. (23), multiply both sides of the resulting

equation on the left by vT
j and use eq. (22) to solve for each expansion

coefficient of eq. (24) as follows:

ej =
vT

j ATδd

λ2
j

. (26)

We can write eq. (26) in matrix form as follows:

e = (ΛTΛ)−1VTATδd. (27)

The numerator of eq. (26) shows that the expansion coefficient of the j-th

eigenvector will become larger as the vector ATδd becomes more nearly

parallel (in the multi-dimensional vector space) to the eigenvector vj, while

the denominator of eq. (26) shows that as the eigenvalues become smaller

the expansion coefficients will tend to be magnified, and the solution of the

inverse problem will thus tend to become unstable.

Assuming that the data are uncorrelated and all have equal variance σ2
d,

we write the covariance matrix for e as follows in the eigenspace of ATA:

covar. (e) = σ2
d (ΛTΛ)−1VTATAV(ΛTΛ)−1

= σ2
d (ΛTΛ)−1VT(VΛTΛVT)V(ΛTΛ)−1

= σ2
d (ΛTΛ)−1. (28)
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If we transform eq. (28) from the eigenspace to the model space, the covari-

ance matrix is written as:

covar. (δm) = σ2
d (ATA)−1

= σ2
d

M∑
j=1

vjv
T
j

λ2
j

= σ2
d V(ΛTΛ)−1VT. (29)

Note that as is pointed out in several inversion works (e.g., Okal and

Geller, 1979), parameters not included in the inversion cannot be quantified.

For example, these above formal covariance estimates cannot directly be

taken as the “real” standard deviation, because the effect of our model does

not include 3-D heterogeneity, anisotropy, CMT re-determination, etc. The

real uncertainty can thus be several times the value of the nominal standard

deviation.

2.3. SVD inversion

If we were to use eq. (24) as written, taking the sum over all eigenvectors,

we would obtain the least squares solution of eq. (13) and eq. (23). However,

in the actual inversions we sum over only the first n eigenvectors (which

correspond to the n eigenvalues with the largest magnitudes — see eq. 15)

as follows:

δm =
n∑

j=1

ejvj. (30)

We discuss the choice of n below. For this case the covariance matrix in the

model space is given by:

covar. (δm) = σ2
d

n∑
j=1

vjv
T
j

λ2
j

(31)
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For each seismogram δd(kp) we define the contribution of that seismogram

to the perturbation of the j-th model parameter to be:

e
(kp)
j =

vT
j AT(kp)δd(kp)

λ2
j

, (32)

where the final model is obtained by summing the contributions from each

record:

ej =
∑
k,p

e
(kp)
j . (33)

In the same way, we define the contribution from the k-th event as follows:

ek
j =

∑
p

e
(kp)
j (34)

and the contribution from the records at the p-th station as follows:

ep
j =

∑
k

e
(kp)
j . (35)

By analyzing the values of e
(kp)
j , ek

j , and ep
j we can see which data af-

fect which model components, and which eigenvectors of the model space

(v1, v2, · · · , vM) are most sensitive to the data.

2.4. Criteria for evaluating models

We truncate the eigenvector expansion (eq. 30), using as a guide the AIC

(Akaike Information Criterion: Akaike, 1977). The variance VARn and AICn

for the model SVDn (the model obtained by using n in eq. 30) are written

respectively as follows:

VARn =
|dOBS − dSYN|2

|dOBS|2
(36)

AICn = ND ln 2π + ND ln(VARn) + ND + 2(n + 1), (37)
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where ND is the number of independent data points. We discuss the evalu-

ation of ND below.

In this study the upper bound on the value of ND is ND1 = KPT/20

because we use 20-200 s bandpass-filtered waveforms, interpolated at a 1 Hz

sampling frequency (the meaning of the superscript is explained below). It

is reasonable to consider that the data are, to some extent, redundant, but

at present we have no rigorous way to quantify the extent of the redundancy.

In the following we introduce the empirical parameter α, which we define as

follows:

NDα =
1

α
KPT/20. (38)

The meaning of α is that the data are assumed to have α-fold redundancy.

AICn for NDα, as obtained from eq. (37) is hereafter written as AICα
n.

Eq. (37) shows that AIC decreases as the variance decreases but increases

as the number of model parameters, n, is increased. The minimum value of

AIC thus formally represents the optimum balance between model complexity

and variance reduction. In evaluating eqs. (36) and (37) in this study we use

the variance reduction computed using the partial derivatives rather than

re-computing synthetics for the models obtained by each inversion.

3. Dataset and static corrections

3.1. Event and station selection

We select the upper mantle and MTZ beneath the Northwestern Pacific

as the target for this study. In this paper we invert two datasets: (1) the

entire dataset of waveforms which sample the region (Fig. 3, table of events

in electronic supplement): (2) the respective datasets for six subregions: the
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upper mantle and the transition zone beneath the Japan Sea; Philippines Sea

West, Middle and East; Pacific West and East (Fig. 4). We collect data for

events with Mw ≥ 5.5 with a half source duration time less than 10.0 s and a

source depth greater than 100 km, using records from stations at epicentral

distances between 5◦ and 35◦ (based on Global CMT Solution parameters).

We use only transverse component SH data. The number of events from

1995 to 2007 is 161 and the number of waveforms is 6025. All of the seis-

mograms are velocity seismograms and we deconvolve the instrumental re-

sponse function. In this study we apply a Butterworth filter whose passband

is between 20 s and 200 s to both the data and the synthetics; thus we can

approximate the source time function (moment rate function) as a δ-function.

In this study we choose the direct S phase time window 60 seconds after

the first arrival (which contains overlapped triplication arrivals which are

not individually identifiable because of the relatively long-period passband)

as the portion of the data to be analyzed. We weight each waveform by the

reciprocal of the maximum amplitude of the observed seismogram.

The partial derivatives for the moment tensor and centroid are given by

Hara (1997). These results can be used to quantitatively evaluate the effect

of uncertainty of the source parameters on the Earth structure model and

also to invert for CMT parameters. However, as we have been careful not to

use stations near nodes of the radiation pattern we do not think uncertainly

of the CMT solution has a significant effect on the results presented in this

paper.
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3.2. Static corrections

In order to correct for the effect of local structure near the stations and

sources, we must make static corrections (Fig. 5). We align the onset times

of the synthetic and the observed seismograms as follows. First we auto-

matically pick the onset time of the synthetic seismogram and let the zero-

to-peak time be ∆t. We pick a time window from 4∆t before to ∆t after

the arrival time in the synthetic seismogram and also use this window for

the observed seismogram. We then seek the time shift which gives the best

cross-correlation coefficient in order to roughly determine the observed ar-

rival time, which we denote as ttmp. ttmp represents the power centroid of

the incoming S wave; to align the respective onset times we apply a causal

filter. We finally search the observed waveform for a local zero near ttmp by

comparing the noise level of the time windows ∆t before and after ttmp. We

find a good correlation between the autopicked arrival times and manually

picked arrival times. The procedures for determination of the time shifts are

empirical (see Konishi et al., 2009, for further details), and there is proba-

bly room for further improvements. However, our present procedures yield

reasonable results and our forward modeling tests suggest that our correc-

tion procedures are reasonable for the frequency band used in this analysis

(20-200 s).

3.3. Data selection criteria

We consider pairs consisting of an observed record and the corresponding

synthetic seismogram (Fig. 6). The amplitude ratios in Fig. 6 are calculated

by dividing the maximum absolute value of the synthetics in the time window

by the maximum absolute value of the observed seismograms. There are cases
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for which the observed and synthetic amplitudes differ greatly, and others for

which the phases differ greatly even though the amplitudes are similar. For

other waveforms the amplitudes differ greatly while the phases match quite

well. For such waveforms the predominant period of the observed record is

much shorter than that of the synthetic, perhaps because such seismograms

contain waves that traveled through the slab, where there is a narrow high

Qµ zone. The above observations probably contain important information

on 3-D structure, but we exclude them from the dataset for this paper.

4. “Initial Qµ” model

The amplitude ratios in Fig. 6a suggest that the actual Qµ values may be

systematically lower than the PREM Qµ model (Dziewonski and Anderson,

1981). We first investigate the behavior of our dataset by forward modeling

with several Qµ models (shown in Fig. 7). Figs. 6b and 6c illustrate the

behavior for PREM1/2, which has half the Qµ value of PREM, and Q19,

which is modified from Romanowicz (1995) for this region. The first number

above each panel of Fig. 6 shows the number of records which satisfy a

criterion of an amplitude ratio between 0.3 and 3.0 and also have a cross

correlation above 50%, which we regard as a good match. The second number

is the total number of records in the dataset. “PREM1/2” improves the

fit of the amplitude ratios but because of the broadening effect, the cross

correlations drop significantly, while Q19 moderately changes the amplitude

ratio but does not significantly degrade the cross-correlations. The above

trade-offs suggest that we should simultaneously invert for elasticity and

anelasticity.
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We first invert for an initial Qµ structure for our study region using the

methods discussed in the previous section. The unknowns are µ0 and Qµ

from the Earth’s surface to a depth of 740 km at intervals of 10 km. We

use 754 waveforms chosen randomly from those parts of our dataset which

have amplitude ratios between 0.1 and 10.0 and cross correlation coefficients

above 50%. The results obtained from SVD inversions (Fig. 7) using the n

largest eigenvalues (up to n = 20) show a lower Qµ model than PREM. We

use a smoothed version of this model (Fig. 7c), which we call the “Initial Qµ”

model, as the Qµ model in our subsequent inversions. Fig. 6 shows that when

“Initial Qµ” is used the number of waveforms satisfying both the amplitude

ratio and cross-correlation criteria is 3629, as opposed to 3355, 3402, and

3077 for PREM, Q19, and PREM1/2 respectively.

Since the dataset used in this inversion is noisy and samples a complicated

structure, a single S-wave velocity model cannot be meaningfully determined

for the whole region. This is confirmed by the fluctuations of the S-wave

velocity model in Fig. 7b. Fig. 7a shows AIC1
n and VARn for n ≤ 20. AIC

suggests that using a basis of 16-18 eigenvectors yields the most appropriate

model.

5. Synthetic tests

We conduct several tests using synthetic data to study the resolution

of our inversions and the potential that the static corrections could cause

systematic errors. As shown in Fig. 8 we use an input model with alternating

slow and fast layers of 100 km thickness, with an amplitude of± 1.5 % relative

to the initial model (PREM + “Initial Qµ”). We compute synthetics for a
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small number of stations and events (only 50 records), and conduct inversions

varying n. The unknowns in this case are the perturbations to the elastic

constant µ0 from the Earth’s surface to a depth of 700 km at intervals of

20 km. Perturbations to the anelastic model parameters are not included

as unknowns in this case. As shown in Fig. 8, the inversions for reasonable

ranges of n (e.g., 17-23) are successful in reproducing the main features of

the input model.

We next conduct synthetic tests to study the effect that hypothetical

errors in the static corrections might have on the inversion results. Figs. 9a

through 9c show synthetic results for systematically shifted synthetic data

with shifts of 2, 3, and 4 s later than the actual travel times, respectively.

The models in Fig. 9a recover the input model reasonably well, but those

in Figs. 9b and 9c do not, due to the non-linearity of the inversion. Fig. 9d

shows that when the data are randomly shifted by up to ±10 s the synthetic

inversion can still reasonably recover the input model.

Fig. 10 examines synthetic inversion results for the case of synthetic seis-

mograms systematically shifted to be 1 s late to simulate hypothetical errors

in the static corrections. The left panel shows that the basic shape of the

input model is recovered, but with a shift of about 0.2% towards lower veloc-

ities. The right panel shows θ(z), the angle between the partial derivatives

with respect to the time shift and those with respect to µ0 for each depth z,

defined as follows:

cos θ(z) =

∑ ∂u

∂t

∂u

∂µ0(z)√∑ (
∂u

∂t

)2
√∑ (

∂u

∂µ0(z)

)2
. (39)
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On the basis of the results in Figs. 9 and 10 we conclude that hypothetical

small systematic errors or reasonably large but random errors in the static

corrections would cause only small errors in the absolute velocities while still

preserving the basic character of the model, but that systematic errors of

several seconds in most or all of the static corrections could be problematical.

Such large systematic errors do not appear to be present in our actual data

analyses. Nevertheless the subject of static corrections remains a subject

for further investigation. Note that this applies not only to our work in

particular, but to all studies of Earth structure.

5.1. “Checkerboard” test for Qµ perturbation

In order to study the resolving power of a simultaneous inversion for

elastic and anelastic parameters we used two input models for a synthetic

inversion. The first has alternating slow and fast layers of 100 km thickness,

with a perturbation of ±2.0 % relative to the initial velocity model (PREM)

but with no perturbation to the Qµ model (Fig. 11). The second has the

same elastic perturbation but also has a perturbation to the Qµ model (Fig.

12). In our test inversions, the unknowns are µ0 and Qµ from the Earth’s

surface to a depth of 700 km at intervals of 20 km; we calculate 6000 synthetic

“records” for each of the two perturbed models.

In Figs. 11a and 12a, we plot the variance (VAR) and the values of AICα
n

(for α = 1, 10, 50, 100 respectively) as a function of n and find AIC minima

around SVD22 and SVD24 respectively if we take α ≥ 50. Fig. 11a shows

that there is a drop in AIC at n = 22 regardless of the value of α. However

this is only a local minimum for α = 1 or α = 10, but is a global minimum

for α = 50 or α = 100. Since the absolute value of AICα
n is not important
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(only the relative values for a given α as n varies are significant) we have

adjusted all the AIC curves in Fig. 11a (as well as similar later figures) to

have the same AIC values for n = 0 and normalized by multiplying by α.

Figs. 11b and 12b show that even for a small number of eigenvectors (15

or 13, respectively), the main S-wave velocity features of the input model

can be resolved, except for the layer from 600 to 700 km depth, for which

the resolving power of this basis set is low. From Fig. 11c we see that the

Qµ structure is not changed significantly for the input model with no Qµ

perturbation even if we use a larger basis (n = 22).

Fig. 11 shows that including the partial derivatives for anelasticity in the

inversion for a purely elastic model perturbation does not result in a signif-

icant perturbation to Qµ. On the other hand, Fig. 12 shows that a larger

number of eigenvectors (n = 24) is necessary to reproduce the anelastic struc-

ture, whereas we cannot reproduce it with a smaller number of eigenvectors

(n = 13).

5.2. Sensitivity of eigenvectors to elastic and anelastic structure

Fig. 13a shows the magnitudes of the eigenvalues, while Fig. 13b shows

the relative contribution to the eigenvectors of the elastic and anelastic parts

of the model, defined respectively as P elast
j , and P anel

j as follows:

P elast
j =

|velast
j |2

|vj|2
(40)

P anel
j =

|vanel
j |2

|vj|2
, (41)
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where velast
j and vanel

j are the elastic and anelastic components of each eigen-

vector vj. In Fig. 13b, we normalize the value of P elast
j and P anel

j so that:

M∑
j=1

P elast
j =

M∑
j=1

P anel
j . (42)

Fig. 13b shows that the eigenvectors for the modes with the largest eigen-

values reflect primarily elastic structure, while the eigenvectors for modes

with smaller eigenvalues tend to be dominated by anelastic structure. This

suggests that we cannot determine the Qµ structure reliably and stably unless

we first obtain a reliable elastic model, which is consistent with the results

of previous surface wave attenuation tomographic studies (e.g., Romanowicz

1995, 1998; Gung and Romanowicz, 2004; Dalton et al., 2008).

As we will see in the next section, the results obtained from the real

dataset require a large number of eigenvectors to describe the Qµ structure

with some fluctuations in the S-wave velocity model. This occurs because

the actual anelastic structure is far from the starting model while the starting

elastic model is much closer to the final model.

6. Inversion Results

On the basis of the success of these synthetic tests we now proceed to to

conduct inversions of observed data for elastic and anelastic structure.

In Fig. 14 we show the inversion results for the Japan Sea region using

a “small dataset” (104 records) with a criterion of amplitude ratio factors

between 0.5 and 2.0 and cross correlations above 80 %, while in Fig. 15

we show results for the same region using a “large dataset” (284 records)
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with a criterion of an amplitude ratio factor between 0.25 and 4.0 and cross

correlations above 40 %.

In Fig. 14a the thick curve is the variance reduction and the thin curves

(labeled 1, 2, 3, 4 respectively) are the AICα
n values (see eqs. 37 and 38)

for α = 1, 2, 3, 4 respectively. Regardless of the value of α, there is a local

minimum at n = 3 and another at n = 21. However, for α = 1 it is just

barely clear in Fig. 14a that n = 21 is a global minimum, whereas for α = 4,

n = 21 is a local minimum but has a higher AIC value than for n = 3. If

α = 2 or α = 3 is used, then n = 21 gives a clear global minimum.

In this paper, as the number of records in a dataset increases we use higher

values of α. This seems reasonable, because as the size of the dataset increases

the redundacy of the dataset will increase. Our methods for selecting α are

still empirical, and we will investigate more objective methods for choosing

α in our future work.

Using α ≥ 3 for the small dataset and α ≥ 5 for the large dataset, we

conclude that SVD21 for the small dataset or SVD30 for the large dataset are

the most preferable models for this region. All of the preferred models show

a positive S-wave velocity anomaly in the MTZ and in the layer from 300

to 400 km. A kink around 400-500 km suggests the possibility of a velocity

discontinuity. Because the large dataset has a larger number of scattered

data, the results fluctuate more but still show the same feature (a positive

velocity anomaly). As for Qµ, we do not see any significant perturbation

when we choose SVD3 for either dataset but we obtain a lower Qµ if we take

a larger number of eigenvectors.
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6.1. Technical issues

6.1.1. Variance reduction: Born vs. re-linearized

In the above inversion we estimate the variance using the first order Born

approximation to compute the variance (rather than re-linearizing with re-

spect to each model obtained by the inversion, as was done by Kawai et al.,

2007ab and Konishi et al., 2009). To estimate the errors due to using the

first order Born approximation to estimate the variance, we re-compute the

synthetics for each of models SVD1 through SVD30 for the small dataset.

Fig. 14a shows the variance reduction and AIC values (α = 1, 2, 3, 4) calcu-

lated using the first order Born approximation, while Fig. 14b shows the AIC

values obtained using the re-computed synthetics up to n = 30. Due to the

non-linearity of the inversion, the behavior of the re-computed variance re-

duction differs from that for the Born approximation and the absolute value

of the variance reduction is smaller. However, both methods of calculation

show that we have large variance reductions when go from n = 2 to n = 3 and

from n = 15 to n = 16. The “real” variance has a global minimum (between

n = 0 and n = 30) for n = 20. Because we do not use re-linearization in our

inversions when we compute the variance, we obtained a global minimum of

AIC1
n for n = 3. We also plot AIC0.5

n for reference in order to find the value

of α which gives a global AIC minimum around n = 21. We re-compute syn-

thetics for each SVDn model only for the examples in this subsection because

it is computationally intensive, but we can expect that the “real” variance

will have a minimum near the AIC minimum calculated using the first order

Born approximation for the models presented below.
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6.1.2. Iterative inversion

As the large difference between the variance reductions computed based

on the Born approximation and re-computed without linear approximation

indicates, the inversions are non-linear. One might thus question whether the

inversions have sufficiently converged after a single inversion. We present one

example of iterative inversion for the Japan Sea region. We use the model

obtained by the initial inversion for the “small dataset” as the starting model

for the second iteration (note that we fix the starting model to PREM and

the “Initial Qµ” above the 200 km depth, just for simplicity).

Fig. 16a shows the variance reduction and AIC values (α = 1, 2, 3, 4)

calculated using the first order Born approximation. Fig. 16b shows the

SVD1 model which is suggested as the best by AIC analysis. For α = 1 only,

n = 13 seems to be a global minimum, whereas for α ≥ 2, n = 1 is a global

minimum. As we can see, the second iteration suggests just a small S-velocity

shift (in a positive sense) in the shallower part and no significant change in

the anelastic model. If we take n = 13, we get lower Qµ and some fluctuations

in the S-velocity model. Still, the overall features, compared to the starting

model of the first iteration, seems stable in the sense of positive/negative

anomaly for both elastic and anelastic structure.

We now consider why the second iteration produces such a small change.

The inversion process is non-linear, but the data themselves have a large

degree of noise due to scattering. Due to this noise, the first iteration seems

to have resolved almost all observable information. Thus the second iteration

does not significantly change to model obtained by the first iteration. Thus

the non-linearity affects the estimates of the variance reductions, but not the
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models themselves.

6.1.3. Statistical estimation

From eq. (28), we can rewrite the variance for each SVD expansion coef-

ficient ej as follows:

var. (ej) =
σ2

d

λ2
j

. (43)

If we assume that σd is the variance of the data itself, we can estimate the

nominal error bars δej for each of the 70 coefficients:

δej =
σd

λj

. (44)

Fig. 17 shows that the nominal error bars are small compared to the expan-

sion coefficients. Of course in any inversion of this type, it is well known

that the real errors may be many times greater than the nominal error bars

due to systematic errors (e.g., the use of a 1-D parametrization). Thus the

nominal error bars should not be taken at face value.

In order to know how the residual for each record δd(kp) contributes to the

model δm, we examine the distribution of angles (in the multi-dimensional

vector space) between the SVD coefficient vector en and the expansion coef-

ficients for each record e
(kp)
n truncated above n:

cos θ(kp)
n =

en · e(kp)
n

|en| |e(kp)
n |

, (45)

where

en = (e1 e2 · · · en 0 · · · 0)T (46)

and

e(kp)
n = (e

(kp)
1 e

(kp)
2 · · · e(kp)

n 0 · · · 0)T. (47)
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As shown by eq. (33), the final model vector δm in eq. (30) can be ex-

pressed as the sum of the vector for each station for each event. If all of these

individual vectors were nearly parallel, each would yield the same model for

each individual waveform for each station for each event. However, this is

not the case for the actual inversions. Figs. 18a-c show histograms for

θ
(kp)
3 , θ

(kp)
21 , θ

(kp)
70 for the small dataset, while Figs. 19a-c show histograms for

θ
(kp)
3 , θ

(kp)
30 , θ

(kp)
70 for the large dataset. We find that even for θ

(kp)
3 , the angles

between the individual coefficients and the coefficients determined from eq.

(27), are much closer to 90◦ than to 0◦ and that as we increase the value of

n, the average value of θ
(kp)
n increases. This tells us that no single individual

datum δd(kp) has sufficient power to determine the structure by itself.

For the expansion coefficients for k-th event, we calculate angles between

the SVD coefficient vector en and the expansion coefficients ek
n truncated

above n:

cos θk
n =

en · ek
n

|en| |ek
n|

, (48)

where

ek
n = (ek

1 ek
2 · · · ek

n 0 · · · 0)T. (49)

Figs. 18d-f show histograms with black bars for θk
3 , θk

21, θk
70 for the small

dataset, while Figs. 19d-f show histograms with black bars for θk
3 , θk

30, θk
70

for the large dataset. We find that the angles are closer to 0◦ than those for

individual waveforms. This means that the combined set of waveforms for

each particular event has stronger information than any individual waveform

for that event. Figs. 18d-f and Figs. 19d-f also show, with gray bars, the
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angles between ek1
n and ek2

n for all pairs of events (k1 6= k2):

cos θ(k1,k2)
n =

ek1
n · ek2

n

|ek1
n | |ek2

n |
. (50)

We find that there are some events which have similar information on the

structure (angles close to 0◦). This fact supports the above discussion con-

cerning the need for the factor α in AICα
n, because the data are redundant to

some extent. However, we also find that if we take larger n, there exist pairs

of events which have very different information (angles larger than 90◦, i.e.,

negative correlation of the respective model contributions). This shows that

there is a discrepancy between some events for large n and that we therefore

should not use all 70 coefficients in our models, which is confirmed by the

increase in the AIC values for larger values of n. This discrepancy is probably

due to 3-D structure.

Similarly we calculate angles between the SVD coefficient vector en and

the expansion coefficients ep
n for the p-th station truncated above n:

cos θp
n =

en · ep
n

|en| |ep
n|

, (51)

where

ep
n = (ep

1 ep
2 · · · ep

n 0 · · · 0)T. (52)

Figs. 18g-i show histograms with black bars for θp
3, θp

21, θp
70 for the small

dataset, while Figs. 19g-i show histograms with black bars for θp
3, θp

30, θp
70 for

the large dataset. We find that the angles are slightly closer to 0◦ than for the

individual waveforms, but not as much as is observed for θk
n. This is because

the independent information on the depth dependence of the structure is very

limited in the waveforms for some stations, as the sources are very close to
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each other and the epicentral distances are similar to those for other nearby

for each of individual stations. Figs. 18g-i and Figs. 19g-i also show, with

gray bars, the angles between ep1
n and ep2

n for all pairs of stations (p1 6= p2):

cos θ(p1,p2)
n =

ep1
n · ep2

n

|ep1
n | |ep2

n |
. (53)

We find (gray bars in Figs. 18d and 18g) that θp1,p2

3 has one peak in the range

0-20◦ and another is around 60-80◦ for the small dataset, and that θp1,p2

3 for

the large dataset are widely distributed from 0◦ to 180◦. The smaller angles

θp1,p2

3 are primarily for stations or events near to one another, suggesting the

partial redundancy of the dataset. As n increases, θp
n is normally distributed

around 90◦ because of the lack of resolving power for the larger basis set,

which includes eigenvectors for smaller eigenvalues. We conclude that in

general each record contributes weakly to the inversion results, and that

a large number of waveforms must be analyzed systematically as a single

dataset in order to extract reliable information on the dataset. Thus visual

inspection of individual seismogram pairs (synthetic and observed) is unlikely

to be edifying.

6.1.4. Quality control stacks

As waveform inversion is a “black box” statistical procedure, we desire

some way to visually confirm the reasonableness of the inversion results. We

therefore calculate “quality control stacks” of both the data and synthetics.

We align the waveforms using the onset time after applying the same time

shift (static correction) as used in the inversion. Note that these stacks are

merely ancillary presentations for purposes of visualization of the results of

the inversions, and are not used in the inversions. Also note that both the
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data and synthetics have been stacked in the same way. From Fig. 20, we see

that for SVD3 the onset-to-peak time of the arrival time has been modified

because this model has a positive S-wave velocity anomaly in the MTZ. For

SVD21 which has a lower Qµ, the fit of the amplitudes is improved.

6.2. Philippines Sea Region

The sky-blue lines in Fig. 22 show the inversion results for the Philippines

Sea West region using the “small dataset” (136 records) and the sky-blue lines

in Fig. 22 show the inversion results for the same region using the “large

dataset” (400 records). For the small dataset SVD15 is the preferred model

for α = 2, 3, 4, while for the large dataset SVD17 is the preferred model for

α = 2, 5, 10 (see Fig. 21a,f). Although the SH model obtained using the large

dataset shows fluctuating features, both models have a positive anomaly in

the MTZ; Qµ is around 50 throughout the MTZ for both models.

The blue lines in Fig. 22 show the inversion results for the Philippines

Sea Middle region for the “small dataset” (233 records) and the blue lines in

Fig. 22 show the inversion results for the same region for the “large dataset”

(471 records). For the small dataset SVD14 is the preferred model for α = 4,

while for the large dataset SVD13 is the preferred model for α = 10 (see Fig.

21b,g). Although the S-wave velocity model shows fluctuating features which

may be caused by laterally heterogeneous structure in the target region, the

average velocity model is higher than PREM in the MTZ. The Qµ model

shows very low value (around 50) throughout the MTZ.

The purple lines in Fig. 22 show the inversion results for the Philippines

Sea East region using the “small dataset” (156 records) and the purple lines

in Fig. 22 show the inversion results for the same region using the “large
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dataset” (419 records). For the small dataset SVD14 is the preferred model

for α = 3, 4, while for the large dataset SVD17 is the preferred model for

α = 5, 10 (see Fig. 21c,h). The S-wave velocity in the MTZ shows a positive

anomaly in the MTZ and in the upper mantle. Qµ is around 50 throughout

the MTZ.

6.3. Pacific Sea Region

The red lines in Fig. 22 show the inversion results for the Philippines Sea

West region for the “small dataset” (163 records) and the red lines in Fig.

22 show the inversion results for the same region using the “large dataset”

(645 records). For the small dataset SVD32 is the preferred model for α =

1, 2, 3, 4, while for the large dataset SVD33 is the preferred model for α =

5, 10 (see Fig. 21d,i). From both inversions we can consistently see a positive

SH anomaly in the MTZ with a kink above the 400 km discontinuity probably

connected with a discontinuity depth change. Qµ is again very low but in

the MTZ is relatively larger (50-100) than in other subregions.

The orange lines in Fig. 22 show the inversion results for the Philippines

Sea East region for the “small dataset” (87 records) and the orange lines

in Figs. 22 show the inversion results for the same region for the “large

dataset” (348 records). For the small dataset SVD20 is the preferred model

for α = 2, 3, 4, while for the large dataset SVD25 is the preferred model

for α = 5, 10 (see Fig. 21e,j). The inversion results show a fluctuating S-

wave velocity model in the MTZ but the average velocity is not far from

PREM. However, around 400 km depth we can see a slight negative S-wave

velocity anomaly. Qµ is very low but for the inversion using the large dataset,

there might be a relatively large Qµ (50-100) in the MTZ. In this subregion,
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the difference between the attenuation models obtained using the small and

large datasets is the strongest. The reason for this discrepancy might be that

the target subregion includes a strong lateral heterogeneity because of the

complicated geometry beneath the Izu-Bonin-Mariana Arc.

7. Discussion and conclusions

We have developed and applied methods for localized waveform inver-

sion. As we have automated the data-handling procedures, our software is

sufficiently robust to carry out inversion for 3-D structure in the near future.

In this study we performed quasi-iterative inversion for anelasticity by

first determining an “Initial Qµ” model and then performing inversions for

6 subregions. The fluctuations in our S-wave velocity models are due to the

complicated 3-D structure and relatively poorer resolving power for the depth

dependence of the actual inversions as compared to the synthetic resolution

tests. However, we can obtain sufficient information on the average velocity

structure in general to suggest the existence of a positive velocity anomaly

in the MTZ beneath all of the 6 subregions. Of course this feature should

not be regarded as having been definitely established to the omission of 3-D

structure in our inversions.

This is consistent with other long-period wave tomographic models (e.g.,

Mégnin and Romanowicz, 2000; Takeuchi, 2007). The magnitude of the

positive anomaly is stronger beneath the Philippines Sea than the Pacific.

The negative velocity anomaly found in the layer from 300 to 400 km depth

beneath the Pacific East region might be related to the negative P-wave

velocity anomaly proposed by Zhao (2004) and Obayashi et al. (2006).
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A lower Qµ (50-100) than PREM, even lower than the “Initial Qµ” model

itself, is obtained from the inversions for the 6 subregions. There are two

possible reasons for caution about these low Qµ values: (1) the fact that we

assumed the source time function is a δ-function; (2) the fact that we ignored

the effects of 3-D elastic structure, which could also lessen the amplitude of

the waveforms due to scattering and de-focusing effects, which are likely to

occur during travel along a slab. Qµ = 50 is thus probably a lower limit for

the average value in the MTZ beneath these region (for comparison, previous

studies suggests a Qµ of around 100-200 for the upper mantle or the MTZ:

but they also found lower Qµ for this region than other regions). If Qµ = 50,

the partial derivative of the seismic velocity with respect to temperature is

doubled from that for PREM (Qµ = 143) in the MTZ (Karato, 1993).

We also find a weak sub-regional dependence of Qµ structure although

further work is required to confirm this. Beneath the Philippines Sea region,

we find the Qµ ∼ 50 throughout the MTZ down to 660 km, while we find an

increasing Qµ in the deep part (500-660 km) beneath the Pacific. This may

reflect the water rich content beneath the mantle wedge driven down to the

lowermost part of MTZ in the Philippines Sea.

Heretofore almost all studies of body-wave waveforms for regional upper

mantle or transition zone structure have been based on forward modeling of

individual profiles. Such studies have made many important contributions,

but there are limits because the forward modeling approach cannot system-

atically analyze large amounts of data at one time. In contrast, statistical

approaches based on waveform inversion, as shown in this paper, can system-

atically analyze large volumes of data to invert not only for seismic velocities
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but also for anelastic structure. Even when there is considerable misfit be-

tween observed data and synthetics, the use of statistically-based waveform

inversion makes it possible to obtain robust models. Further information can

be expected through application of waveform inversion to 3-D Earth models.

8. Data and Resources

All seismograms used in this study come from the National Re-

search Institute for Earth Science and Disaster Prevention F-net at

http://www.hinet.bosai.go.jp/fnet/ (last accessed December 2008).
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Figure 1: Our procedures for waveform inversion. We have developed software which

automatically performs the above steps.
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Figure 2: Schematic interpretation of the equation (eq. 12) being solved by waveform

inversion. The residuals and partial derivatives for the various events are gathered in a

single vector δd and a single matrix (A) respectively. We then perform a simultaneous

inversion for the perturbation to the model parameters (δm) using the singular value

decomposition (SVD).
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Figure 3: Dataset for this study. Blue dots denote F-net stations and red dots denote

events with an epicentral distance between 5◦ and 40◦. We use the entire dataset in the

inversion for the “Initial 1-D Qµ” model. We then divide the dataset into several subsets

in order to invert for more localized structure.
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(a) (b)

(c) (d)

(e) (f)

Figure 4: The six subregions for this study, and the number of waveforms used in the

inversion for each subregion. (a) Japan Sea: 478 waveforms; (b) Philippines Sea West:

644; (c) Philippines Sea Middle: 437; (d) Philippines Sea East: 688; (e) Pacific West:

1176; (f) Pacific East: 525.
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Figure 5: Procedure for static corrections. Step 1: Autopick the first arrival on the

synthetics (the up arrow) and let the zero-to-peak time be ∆t. Step 2: Use the time

window from 4∆t before to ∆t after the arrival) to seek the time shift ttmp (the down

arrow) which gives the best correlation coefficients. Step 3: Find the local zero around

ttmp in the observed seismogram and let this be the arrival time with which we align the

synthetic.
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Figure 6: Plots of the amplitude ratios and cross correlations (the maximum values with

a time lag in the range -10.0 s to 10.0 s) for pairs of observed and synthetic seismograms

determined from 4 sets of synthetics, each calculated with a different Qµ model. The

different symbols (triangles, squares, etc.) denote individual events used in this study.

The grey lines denote where the amplitude ratio is 3.0 (log10 3.0 = 0.48), 1.0, (log10 1.0 =

0.0), 0.33 (log10 0.33 = −0.48) and where the cross correlation coefficient is 50 %. The

number in the parentheses above each panel show the number of waveforms which satisfy

a criterion of 0.33 to 3.0 maximum amplitude ratio between the observed seismogram

and the corresponding synthetic seismogram calculated for the the model, and also have a

cross-correlation coefficient above 50 %. The second number is the total number of records

in the dataset. As the first numbers in the parentheses show, the “Initial Qµ” model is

the suitable than the other 3 models in terms of the amplitude ratios and cross correlation

coefficients.
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Figure 7: Inversion results for the dataset of all records with amplitude ratios (OBS/INIT)

between 0.1 and 10.0 and cross correlation coefficients above 50 %. (a) Variance reduction

(thick curve) and AIC1
n value (thin curve). (b) S-velocity for PREM (the starting elastic

model for the inversion) and the inversion results for n = 16, n = 17 and n = 18. (c) Qµ

model for PREM (the starting anelastic model for the inversion) as well as “PREM1/2”

and “Q19” for reference, and the inversion results obtained using n = 16, n = 17 and

n = 18. The smoothed model “Initial Qµ” obtained from the inversion is used as a

starting anelastic model for subsequent inversions.
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Figure 8: Synthetic inversion results for a dataset perturbed only with respect to the

velocity structure (with no perturbation to Qµ for this figure). Gray line denotes the

input model and black lines are inversion results. Panel (a) shows models for n = 1

through 9, panel (b) for n = 10 through 16, panel (c) for n = 17 through 23, and panel

(d) for n = 24 through 30. Panel (b) appears best, and panel (c) appears reasonable,

while panel (a) cannot satisfactorily reproduce the input model and panel (d) fluctuates

too much.
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Figure 9: Synthetic inversion results for several perturbed datasets. Details are as same

as Fig. 8 (only SVD10 and SVD22 are shown) except: (a) the input synthetic data are

shifted 2 seconds; (b) shifted 3 seconds; (c) shifted 4 seconds; (d) randomly shifted (up to

10 seconds back and forward)
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Figure 10: Synthetic inversion results for the systematically 1 s shifted seismograms (left).

The time shift does not significantly affect the inversion results because the inner product

of the partial derivatives with respect to the depth dependence of SH velocity and the

partial derivatives for the time shift is small, albeit non-zero (right).
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Figure 11: Results of inversion of synthetic data for a perturbation to only the elastic

part of the model. (a) Variance reduction (thick curve) and AICα
n values (thin curves).

Note that the AICα
n curves have been adjusted to have the same value for n = 1, as

only the relative values of AICα
n for a given α are meaningful. Note that the scale for

the variance reduction and AICα
n are respectively on the left and right hand sides of the

box. (b) S-velocity for PREM (the starting elastic model for the inversion), the perturbed

(“checkerboard test”) input model used to computed the synthetic “observed data” for

the test inversion, and the inversion results for n = 15 and n = 22. (c) “Initial Q” model

(starting point for the inversion as well as the Q model used to compute the synthetic

“observed data” (as Q was not perturbed in the input model), and the Q models obtained

by the inversions for n = 15 and n = 22 (basically unchanged from the starting model for

the synthetic inversion).
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Figure 12: Same as Fig. 11, except that the model used to compute the synthetic “observed

data” included perturbations to both the anelastic and elastic parts of the starting model

for the synthetic inversion (PREM and “Initial Q” respectively).
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logarithmic scale); (b) the relative contribution of the elastic and anelastic components of

the eigenvectors.

51



(a) (c)

(d)

-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

 0

 0  10  20  30  40  50  60  70

init. VAR = 0.95

α=1

α=2

α=3

α=4

 0

 100

 200

 300

 400

 500

 600

 700

 3  3.5  4  4.5  5  5.5  6  6.5

d
ep

th
(k

m
)

S-wave velocity(km/s)

PREM

SVD3

SVD16

SVD21

 0

 100

 200

 300

 400

 500

 600

 700

 0  50  100  150  200  250  300

d
ep

th
(k

m
)

Qμ

Initial Q

SVD3

SVD16

SVD21

-0.12

-0.1

-0.08

-0.06

-0.04

-0.02

 0

 0  5  10  15  20  25  30

α=0.5

α=1

α=2init. VAR = 0.95

(b)

BORN

RE-COMPUTED

Figure 14: Results of inversion of the “small dataset” for the Japan Sea region. (a)

Variance reduction (thick curve) (computed using the 1st order Born approximation) and

AICα
n values (thin curves). (b) Re-computed variance reduction (thick curve) and AICα

n

values (thin curves) up to n ≤ 30. Note that we plot the re-computed variance reduction

and AICs only in this figure. AIC0.5
n is also shown as a reference. (c) S-velocity for PREM

(the starting elastic model for the inversion), and the inversion results for n = 3, n = 16

and n = 21. (d) “Initial Qµ” model (starting point for the inversion) and the inversion

results for n = 3, n = 16 and n = 21.
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Figure 15: Inversion result for Japan Sea Region for the “large dataset.”
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Figure 16: Results of the second iterative inversion of the “small dataset” for the Japan

Sea region. (a) Variance reduction (thick curve) (computed using the 1st order Born

approximation) and AICα
n values (thin curves). (b) S-velocity for PREM (the starting

elastic model for the first iteration), the starting elastic model for the second iteration

which represents the SVD21 model in the first iterative inversion below 200 km depth

(above 200 km we fix to PREM), and the second inversion results for n = 1, n = 13.

(c) “Initial Qµ” model (the starting anelastic model for the first iteration), the starting

anelastic model for the second iteration which represents the SVD21 model in the first

iterative inversion below 200 km depth (above 200 km we fix to PREM), and the second

inversion results for n = 1, n = 13.
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Figure 17: SVD expansion coefficients ej for the inversion for the small dataset. Gray bars

show the estimated values and two dotted bars show the error bars for each coefficient.

Eq. (26) shows that ej tends to increase with the eigenvector index j. We thus show this

histogram in two columns: (a) from the first to thirtieth modes; (b) from the thirty-first

to the seventieth modes.
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Figure 18: For the small dataset we plot histograms for the angle between the vector ej

and e(kp)
j for (a) θ

(kp)
3 , (b) θ

(kp)
21 , and (c) θ

(kp)
70 ; angle between the vector ej and ek

j for each

event (black bars), and angle between the vector ek1
j and ek2

j (gray bars) for (e) j = 3, (e)

j = 21 and (f) j = 70; angle between the vector ej and ep
j for each station (black bars),

and angle between the vector ep1
j and ep2

j (gray bars) for (g) j = 3, (h) j = 21 and (i)

j = 70. Note that in each panel, the dotted line denotes an angle of 90◦.
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Figure 19: For the large dataset we plot histograms for the angle between the vector ej

and e(kp)
j for (a) θ

(kp)
3 , (b) θ

(kp)
30 , and (c) θ

(kp)
70 ; angle between the vector ej and ek

j for each

event (black bars), and angle between the vector ek1
j and ek2

j (gray bars) for (e) j = 3, (e)

j = 30 and (f) j = 70; angle between the vector ej and ep
j for each station (black bars),

and angle between the vector ep1
j and ep2

j (gray bars) for (g) j = 3, (h) j = 30 and (i)

j = 70. Note that in each panel, the dotted line denotes an angle of 90◦.
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Figure 20: Stacked waveforms for the event 20041107. Synthetic waveforms are calculated

using the 1st order Born approximation.
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Figure 21: Variance reduction (thick curve) and AICα
n values (thin curves) for inversion

of the “small dataset” (a-e) and “large dataset” (f-j) for five sub-regions: (a,f) show the

results of the Philippines Sea West Region, (b,g) show the results of the Philippines Sea

Middle Region, (c, h) show the results of the Philippines Sea East Region, (d,i) show the

results of the Pacific West Region, (e, j) show the results of the Pacific East Region.

59



(a)  0

 100

 200

 300

 400

 500

 600

 700

 3  3.5  4  4.5  5  5.5  6  6.5
d

ep
th

(k
m

)
S-wave velocity(km/s)

PREM
Ph. W. (SVD17)
Ph. M. (SVD13)
Ph. E. (SVD17)
Pa. W. (SVD33)
Pa. E. (SVD25)
Japan (SVD30)

 0

 100

 200

 300

 400

 500

 600

 700

 0  50  100  150  200  250  300

Initial Q
Ph. W. (SVD17)
Ph. M. (SVD13)
Ph. E. (SVD17)
Pa. W. (SVD33)
Pa. E. (SVD25)
Japan (SVD30)d

ep
th

(k
m

)

Qμ

 0

 100

 200

 300

 400

 500

 600

 700

 3  3.5  4  4.5  5  5.5  6  6.5

d
ep

th
(k

m
)

S-wave velocity(km/s)

PREM
Ph. W. (SVD15)
Ph. M. (SVD14)
Ph. E. (SVD14)
Pa. W. (SVD32)
Pa. E. (SVD20)
Japan (SVD21)

Initial Q
Ph. W. (SVD15)
Ph. M. (SVD14)
Ph. E. (SVD14)
Pa. W. (SVD32)
Pa. E. (SVD20)
Japan (SVD21)

 0

 100

 200

 300

 400

 500

 600

 700

 0  50  100  150  200  250  300

d
ep

th
(k

m
)

Qμ

(b)

(c)

(d)

small

small

LARGE

LARGE

Figure 22: Results of inversion of the “small dataset” (a, b) and “large dataset” (c, d) for

the six sub-regions. (a, c) S-velocity for PREM (black curve: the starting elastic model

for the inversion), and the preferred inversion result (colored curve). (b, d) “Initial Q”

model (thin curve: starting point for the inversion) and the preferred inversion result

(colored curve). Sky blue curves are for the Philippines Sea West Region, blue curves for

the Philippines Sea Middle Region, purple curves for the Philippines Sea East Region, red

curves for the Pacific West Region, orange curves for the Pacific East Region, green curves

for the Japan Sea Region.
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